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“What happens if a big asteroid hits Earth?
Judging from realistic simulations involving a
sledge hammer and a common laboratory frog, we
can assume it will be pretty bad.”
– Dave Barry, 1947
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Chapter 1
Introduction
The history of dark matter dates back to the early 1930s, with the first experimental evidence
found by J. Oort [1]. By measuring the velocity of stars within the Milky Way by looking at
their Doppler shifted radiation, he could derive a lower bound on the total galactic mass. This
bound is formed by arguing that for lower masses the fastest measured stars should have
escaped the gravitational potential well. It turned out to be twice as large as the amount
of visible, luminous mass. This discrepancy was confirmed by F. Zwicky one year later [2].
Observing around 1000 galaxies within the Coma cluster, he tried to deduce its total mass by
measuring the velocity dispersion of the individual galaxies and using the virial theorem
〈T 〉 = −〈V 〉
2
. (1.1)
This equation states that for sufficiently stable systems (like galaxy clusters), the time average
of the kinetic and the potential energies have a simple relation. After estimating the kinetic
energy using the galaxies’ velocity measured through radioscopy, Zwicky deduced a total
mass within the cluster of about 4.5× 1013 solar masses. This was also puzzling, since the
(at that time) standard mass measurement procedure claimed a value of about a factor 100
smaller by measuring the total luminosity L of the cluster and comparing to similar objects
with well–known M/L–ratios, so called standard candles.
The breakthrough in the experimental claim for dark matter was made by V. Rubin and
W. Ford Jr. around forty years later [3]. By measuring spectral lines of the outer stars at the
edge of the Andromeda Nebula — a rotating spiral galaxy —, they compared the relation
between velocity and distance to the galactic center. According to Newton’s laws of gravity
there is a simple relation between those two observables by identifying the gravitational with
the centripetal force:
v(r) =
√
GN
M(r)
r
. (1.2)
With an approximate model for the mass M(r) included within the radius r of such a spiral
galaxy, one can compare the theoretical expectation with the measured values. In particular
one expects that outside the “visible radius” R the total mass Mtot of the galaxy should be in-
cluded. In that case,M(r > R) = Mtot should stay constant and velocity should fall with r−1/2.
But instead they observed an approximative constant behaviour for large radii, hinting at an
invisible dark halo with a mass contribution that grows linearly with distance (results from a
similar analysis are shown in figure 1.1). One of the most promising explanations is a halo of
dark matter, possibly made out of weakly interacting massive particles (WIMPs), i.e. new particles
beyond the Standard Model that interact weakly enough to be considered non–luminous and
1
Chapter 1 Introduction
Figure 1.1: Measured rotation curves v(r), taken from [4]. The dashed curve describes the visible com-
ponent, the dotted curve a (negligibly small) gas contribution and the dash–dotted curve gives a fitted
estimate on the dark matter halo curve.
whose number and mass densities are high enough to explain the velocity curves. Although
the Standard Model of particle physics is very successful in explaining many different ex-
perimental observations, it is not able to explain this large additional mass component by its
particle content. In fact neutrinos are the only long–lived particles that interact purely via the
weak force, but they are nearly massless within the Standard Model. Current experimental
bounds derived from tritium β–decay show that they are most probably not heavier than 2 eV
[5], which is too light to explain the total missing mass component [6]. Furthermore, it is hard
to explain the structure formation of galaxies inside our universe using a model with only
relativistic dark matter [7].
Different experiments try to explore the parameter space of dark matter mass and inter-
action strength to Standard Model particles by different kinds of processes (see figure 1.2).
Direct detection experiments (e.g. CDMS [8], XENON [9], . . .) try to measure recoil energies
from elastic scattering of heavy nuclei with WIMPs, whereas indirect detection experiments
(e.g. Fermi LAT [10], PAMELA [11], . . .) look for gamma–rays or leptons as remnants of dark
matter annihilation that took place in various places (e.g. white dwarfs or galactic centers).
These methods are usually less sensitive to light dark matter masses below 10 GeV because of
intrinsic threshold effects, such that their exclusion limits become weak in that area. This is
where collider searches come into play; dark matter particles are produced in pairs and their
properties are measured through additional final state objects, usually photons or jets. Due to
phase space arguments, this method works particularly well in case of low mass WIMPs and
gives weaker bounds, the closer the WIMP mass comes to the collider energy threshold
√
s/2.
All three types of measurements have been used in different studies to analyse a variety of
models. Some fundamental extensions of the Standard Model, like Supersymmetry [12–15],
Universal Extra Dimensions [16] or Little Higgs Models [17, 18], naturally lead to good candid-
ates for WIMPs and the cosmological requirements for the WIMP abundance in the universe
can be used to set constraints on the parameter space within that theory. Model independent
searches have also become quite prominent (e.g. [19–29]). Often this is performed by paramet-
rising the WIMP–Standard Model interaction through effective four–particle vertices. Thanks
to their simple vertex structure and the relatively small number of free parameters, these mod-
els can easily be analysed in all the different types of experiments described above in order to
2
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Figure 1.2: Different methods of WIMP detection. a) Direct detection through elastic scattering. b)
Indirect detection through measurement of final state particles from annihilation. c) Direct production
at a collider.
receive complementary information about allowed parameter values for the WIMP mass and
coupling.
In this thesis, we analyse a list of such effective models, with a particular focus on the In-
ternational Linear Collider (ILC, [30–33]) as a next–generation electron–positron–collider. It is
expected that the center of mass energy will be 500 GeV with a potential upgrade to 1 TeV. In
addition the tunable spin polarisation of the incoming leptons will lead to a strong exclusion
potential for dark matter couplings that could improve the current leading collider bounds
from the Large Electron Positron Collider (LEP, [34]) and the Large Hadron Collider (LHC,
[35, 36]).
This thesis is structured as follows: In chapter 2 we discuss standard WIMP cosmology and
which constraints it sets on the interaction strength of a potential dark matter candidate. We
formulate our effective models in chapter 3 by writing down fundamental Lagrangians with
a Standard Model–WIMP interaction mediated by a single heavy field. We assume different
spin and mass for both the mediator and the dark matter particle as well as different inter-
action mechanisms. Due to its virtuality, the heavy mediator can be integrated out from the
path integral, which leads to effective four particle vertices with a pair of Standard Model fer-
mions and a pair of dark matter particles. These operators are analysed with respect to the
determined cosmological bounds in chapter 4 by evaluating the respective coupling strength
for WIMP–masses in the range of 1 GeV to 500 GeV which fits the currently well–measured
dark matter relic abundance Ω0DMh
2 ≈ 0.11, given by the WMAP experiment [37–39]. We con-
tinue with the analysis of radiative pair production of dark matter with an additional final
state photon, with general considerations on the cross section evaluation in chapter 5 and the
analysis of the expected ILC exclusion potential in chapter 6. The size of Standard Model
background contributions is discussed together with beam and detector resolution effects. In
addition, the impact of the incoming lepton polarisation on both the signal to background
ratio and expected systematic uncertainties is studied. Finally we translate our expected ILC
exclusion limits into bounds on the dark matter proton cross section in chapter 7 in order to
compare with the leading exclusion bounds from the XENON–experiment for WIMP masses
above 10 GeV. We will finish with our conclusions in chapter 8.
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Chapter 2
Dark Matter Cosmology
There is a considerable amount of experimental evidence for the presence of dark matter in our
universe. Some examples are mass measurements from weak gravitational lensing [40, 41], the
matter distribution of colliding galaxies [42] or the still existing rotation curve problem [43–45]
explained in the introduction.
In this chapter we want to concentrate on cosmological hints for dark matter, namely the
implications from measuring the global structure of the universe. In section 2.1 we start with
the description of the latter by giving a short introduction to the Friedmann–equation, which
relates the curvature of the universe to its energy density. The experimentally measured global
flatness today points to a particular critical density that must be present and which normal,
baryonic matter is not able to account for alone. Significant contributions from both radiation
and dark matter are needed to fill the remaining gap. In section 2.2 we describe how the total
energy density of the universe as a thermal bath is composed of its constituents. The conclu-
sion will be that massive objects must depart from equilibirum to give sizable energy contribu-
tions today. If we assume thermal dark matter that once was in equilibrium with the thermal
bath of the universe, its departure from equilibrium can be quantitatively described by the
freeze–out effect introduced in section 2.3. This relates the measured dark matter abundance
today to the underlying theoretical interaction model and allows us to analyse the parameter
space of particular dark matter models later.
For the calculations within this introductory chapter, we follow the derivations in [6, 46].
2.1 Energy Density in a Flat Universe
Einstein’s theory of general relativity, formulated in 1916, relates the metric of the universe to
its matter and energy constituents through the following tensor equation:
Rµν − 1
2
Rgµν = 8piGNTµν , (2.1)
where Rµν and R are the so called Ricci tensor and Ricci scalar, which are related to the global
metric tensor gµν as follows:
Γµαβ ≡
1
2
gµσ (∂βgσα + ∂αgσβ − ∂σgαβ) , (2.2)
Rµν ≡ ∂σΓσµν − ∂νΓσµσ + ΓσµνΓλσλ − ΓλµσΓσνλ, (2.3)
R ≡ gµνRµν . (2.4)
GN denotes Newton’s gravity constant and Tµν the energy–momentum–tensor of all fields be-
sides gravity. If we assume a homogenous and isotropic universe, we can formulate the latter
5
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as an ideal fluid with an energy density ρ and a pressure p through Tµν = diag(ρ,−p,−p,−p).
In such a universe, the metric can be described by the Friedmann–Lemaître–Robertson–Walker–
metric1:
xµ = (t, r, θ, φ), (2.5)
gµν = diag
(
1,− a
2(t)
1− kr2 ,−a
2(t)r2,−a2(t)r2 sin2 θ
)
. (2.6)
For k = 0, this is the metric of flat 4–dimensional Minkowksi–space in spherical coordinates.
For k = 1, gµν describes a closed 3–dimensional sphere with a radius proportional to a(t). The
time dependence of this so called scale factor describes a potential expansion or contraction of
the finite volume of such a sphere over time. For negative k we receive a space of negative
curvature and infinite volume.
This metric leads to the following nonvanishing elements of Rµν and R which we need for
the Einstein equations:
R00 = −3 a¨
a
, (2.7)
Rij = −gij a¨a+ 2a˙
2 + 2k
a2
, (2.8)
R = −6 a¨a+ a˙
2 + k
a2
. (2.9)
Inserting the building blocks of our universe model into (2.1) leads to two independent equa-
tions:
a˙2
a2
+
k
a2
=
8piGN
3
ρ, (2.10)
2
a¨
a
+
a˙2
a2
+
k
a2
= −8piGNp. (2.11)
The first of these equations is the so called Friedmann–equation and describes a relation between
energy density ρ, curvature k and expansion rate a of the universe. Defining the Hubble–
parameter H(t) ≡ a˙/a, we can reformulate it as follows:
k
H2a2
=
8piGN
3H(t)2
ρ− 1 ≡ Ω− 1. (2.12)
For a nearly flat universe with k ≈ 0, Ω must have a value close to one. Smaller or larger
values lead to an open or a closed universe, respectively. Different astrophysical observations
indicate that the current universe is almost or exactly flat and therefore the present value Ω0
is close to 1. From redshifted light emitted by objects from different luminosity and distance,
we can also derive the present value of the Hubble parameter H0 ≡ h 100 km s−1 Mpc−1 with
h ≈ 0.743± 0.021 [47] and 1 Mpc = 3× 1019 km . Using this information we expect a matter
density of the present universe with a value of ρ ≈ 1× 10−29 g cm−1.
Big Bang Nucleosynthesis (BBN) can be used to get an estimate for the amount of baryonic
matter in our universe. Since it has proven very successful in predicting the amount and
1 Throughout this thesis, we will work with the metric signature (+,−,−,−)
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relative abundance of light atoms in stars, the method is a reasonable tool to calculate the total
amount of baryonic matter. This leads to an abundance of Ωb ≈ 0.05, which is only about 5 %
of the matter we need for agreement with the measured flatness of the universe. Since this
number is in agreement with different experiments measuring the baryonic abundance, we
think that a component other than baryons must be responsible for the rest.
WMAP measures fluctuations in the cosmic microwave background radiation (see chapter
4), and deduces a composition of about 73 % energy, whose source is yet unknown and there-
fore called dark energy, and 22 % non–baryonic and non–relativistic matter, which is denoted
as cold dark matter. Any object that is supposed to contribute to cold dark matter must fulfill
the following criteria:
• It must be long–lived enough to survive the history of the universe until today.
• It must interact very weakly with our ordinary matter to explain why it has not been
detected yet.
• It needs a sufficiently large mass density today to give the correct present total energy
density.
• It must be non–relativistic at the time of freeze–out in order to explain the formation of
clumped objects like galaxies from the uniformly distributed thermal soup in the early
universe.
In this thesis we are looking at a weakly interacting massive particle (WIMP) as the dark matter
dandidate: We assume that there exists a new particle beyond the Standard Model, which
has a mass in the GeV–TeV range and whose interaction with the Standard Model is such
that the aforementioned conditions are fulfilled. Even though the coupling must be weak,
it should still be strong enough to form a thermal dark matter relic, i.e. the WIMP should be
in thermal equilibrium with the Standard Model particles during the early universe. This
assumption allows us to calculate the present energy density ΩWIMP0 according to the procedure
explained in the following sections. However, we note that it is not mandatory for dark matter
to be thermally produced and in fact there exist various non–thermal dark matter models (i.e.
primordial black holes [48, 49], axions [50, 51], WIMPZILLAS [52], FIMPS [53], . . .), which use
different mechanisms to explain the large dark matter abundance.
2.2 Energy Density in Thermal Equilibrium
We are interested in how the present dark matter energy abundance Ω0DM depends on the
properties of a WIMP candidate. Knowing this relation will allow us to set limits on parameters
of the underlying model by using the experimentally measured value of 22 %.
We start by thinking of the universe as a uniform and isotropic thermal bath of Standard
Model and dark matter particles. In that case, principles of statistical physics can be applied to
derive the energy density as a macroscopic observable. We begin at very early times when the
universe was hot enough that all particles were in thermal equilibrium. The energy density
for a specific particle type within such a thermal bath is then given as follows:
ρ(T ) =
g
(2pi)3
∫
d3p E(~p)f(~p, T ). (2.13)
7
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Here, g counts the total degrees of freedom for a particular particle species, for example
taking into account spin and color. E(~p) denotes the general energy momentum relation
E =
√|~p|2 +M2 and f(~p) describes the statistical weight of the momentum ~p, which follows
usual Bose–Einstein or Fermi–Dirac statistics in thermal equilibrium2:
fB/F(~p, T ) =
1
eE/T ∓ 1 . (2.14)
The total matter density is the sum of all particles i, each contributing with different degrees of
freedom and indiviual weights of the occupancy function f , caused by different massesMi and
possibly different temperatures Ti. Inserting everything into ρ and changing the integration
variable to E, we find:
ρtot =
pi2
30
g∗T 4, (2.15)
g∗ ≡
∑
i
(
Ti
T
)4
gi
15
pi4
∫ ∞
Mi
√
E2 −M2i
eE/T ∓ 1 E
2dE. (2.16)
We call g∗ the effective degrees of freedom. Its value can be evaluated numerically after choos-
ing the corresponding set of contributing particles, since particles with a mass much larger
than the temperature get exponentially supressed and are therefore negligible. An analysis
of the relation g∗(T ) between 10 keV and 100 GeV has been performed in [54]. The results are
approximated by the fit shown in figure 2.1. For small temperatures, only massless particles
contribute, leading to a value of about 3.4 with contributions from photons and neutrinos only.
As the temperature increases, leptons as well as light hadrons contribute. At the so called crit-
ical temperature of about 235 MeV, QCD deconfinement takes place and free quarks and gluons
contribute instead of hadronic degrees of freedom. For temperatures above the GeV–scale,
successively all Standard Model particles including the Higgs and the heavy gauge bosons
contribute and increase g∗ to above 100 at 200 GeV.
The temperature evolution of the universe is strongly linked to its expansion. To evaluate
this relation, we will use the generalised law of energy momentum conservation to relate en-
ergy density to the scale factor a(t) and link it to the overall temperature T via (2.15): In an
arbitrary metric gµν , conservation of energy is given by the vanishing covariant derivative of the
energy–momentum–tensor:
DµT
µ
ν ≡ ∂µTµν + ΓµαµTαν − ΓανµTµα != 0. (2.17)
⇒ ∂ρ
∂t
+ 3
a˙(t)
a(t)
(ρ+ p) = 0. (2.18)
In the temperature region we are interested in, energy and pressure are mostly dominated by
relativistic particles and we call it the radiation dominated era. Then, total pressure and energy
2 We omit any chemical potential µ during this and the following calculation, since we do not take into account
matter–antimatter–asymmetries. The chemical potentials are therefore equal for particles and antiparticles and
will drop out in any physical quantity.
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Figure 2.1: Relation between effective degrees of freedom and temperature, given as an approximative
fit to results in [54].
density are approximately related through p = ρ/3 and we can solve (2.18) for ρ(a):
ρ˙
ρ
= −4 a˙
a
. (2.19)
⇒ ρ ∝ a−4. (2.20)
⇒ T ∝ a−1. (2.21)
The last relation is derived using ρ ∝ T 4 according to (2.15) and holds only if g∗, which itself
depends implicitly on T , stays approximately constant.
2.3 Cold Dark Matter Today
In thermal equilibrium, the energy density of particles with masses large compared to the
temperature is exponentially suppressed. Due to the expansion and resulting cooling of the
universe over time, most particle species will encounter an individual so called freeze out mo-
ment, during and after which the particles are no longer able to remain in equilibrium with the
rest of the thermal bath. Any potentially new weakly interacting massive state therefore is not
subject to the exponential thermal damping in ρeq and may give significant energy contribu-
tions today.
We will now calculate the size of this contribution by starting with the general evolution of
the number density nχ given by the Boltzmann equation:
dnχ
dt
+ 3Hnχ = −〈σv〉
(
n2χ − n2χ,eq
)
. (2.22)
It states that any change in the number density is given by two contributions: On the one
hand there is the time dependent Hubble parameter H which describes the expansion rate of
the universe. The volume taken by a fixed number of particles will increase over time and
therefore the number density dilutes. On the other hand 〈σv〉— denoting the thermally aver-
9
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aged annihilation cross section multiplied by velocity — is a measure of the annihilation and
creation rates of dark matter particles through interactions within the thermal bath. The lar-
ger the annihilation cross section is, the faster the number density decreases. The annihilation
rate is proportional to the density of two dark matter particles n2χ, whereas the creation rate is
given by the equilibrium density within the thermal bath n2eq,χ. Their difference measures the
net effect of both processes.
We now try to find a semi–analytical solution for (2.22). Let us first absorb the expansion
factor H = a˙/a by rewriting its LHS:
n˙+ 3n
a˙
a
= a−3
d
(
na3
)
dt
. (2.23)
Using (2.21) we conclude that aT = const, so it is convenient to rewrite (2.22) as an equation
for the variable Y ≡ n/T 3. This leads to:
dY
dt
= T 3 〈σv〉
(
Y 2eq − Y 2
)
. (2.24)
It will also proove to be useful to use the dimensionless variable x ≡ Mχ/T instead of t. With
(2.21) we find dx = Hx dt and we derive:
dY
dx
=
M3χ 〈σv〉
Hx4
(
Y 2eq − Y 2
)
. (2.25)
Finally we use the Friedmann–equation of a flat universe (2.12) and the total energy density
(2.15) to extract the x–dependent factor of H = H(Mχ)/x2 with H(Mχ) =
√
4/45 pi3 GN g∗M2χ
and arrive at the final equation for Y (x) to solve:
dY
dx
=
λ(x)
x2
(
Y 2eq − Y 2
)
. (2.26)
Here we defined λ(x) ≡ M3χ 〈σv〉 /H(Mχ). The velocity of astrophysical particles is small
enough to allow the expansion 〈σv〉 ≈ a + bv2 = a + 6b/x. λ is therefore not constant and we
know its leading order dependence on x. We solve this differential equation (2.26) approxim-
ately at both early and late times and try to match the individual solutions at the intermediate
freeze out temperature.
Early times: Far before freeze out occurs, all dark matter particles are close to equilibrium.
Rewriting (2.26) in terms of the difference–to–equilibrium ∆ ≡ Y − Yeq leads to
∆′ = −λ(x)
x2
∆(∆ + 2Yeq)− Y ′eq, (2.27)
where ′ denotes the derivative with respect to x. Since Y is close to equilibrium and x is large,
∆ is relatively small and does not change much. We also know the analytical expression for
Yeq in case of nonrelativistic particles by solving (2.13) for Mχ  T or equivalently x 1:
Yeq =
g
(2pi)3/2
x3/2e−x. (2.28)
10
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Using this information and the approximation ∆′ ≈ 0, we can solve for ∆:
∆ = − x
2
λ(x)
Y ′eq
2Yeq + ∆
≈ x
2
2λ(x)
. (2.29)
With the intermediate step Y ′eq/Yeq = 3/2x− 1 ≈ −1 for large x.
Late times: After freeze out occured, the number density is stabilised and is not suppressed
exponentially like it is in equilibrium. We can therefore solve (2.26) for Y  Yeq:
Y ′ = −λ(x)
x2
Y 2. (2.30)
Using the explicit x–dependence in λ(x) ≡ λ0 + λ1x−1, we can separate variables, integrate
from freeze out xf to a time x∞ sufficiently after freeze out and solve for Y∞  Yeq:
Y∞ ≈ xf
λ0 +
λ1xf
2
. (2.31)
We see that Y stays constant after freeze out in this approximation.
Matching the solutions: We define the freeze out temperature xf as the scale at which Y
deviates significantly from Yeq, quantitatively formulated as follows:
∆(xf ) = cYeq(xf ) (2.32)
Here we use c as a matching parameter of order unity. We use the formula for ∆ from (2.29)
but we do not approximate ∆ Yeq but instead we replace ∆ with cYeq according to (2.32):
x2f
(2 + c)λ
= cYeq(xf ). (2.33)
With H(Mχ) =
√
4/45 pi3 GN g∗M2χ we can insert λ and formulate a recursive equation for xf
in the canonical form using the Planck mass mpl ≡ 1/
√
GN instead of Newton’s constant:
xf = ln
[
c(c+ 2)
√
45
8
1
2pi3
g mplMχ(a+ 6b/xf )√
xf
√
g∗(xf )
]
. (2.34)
This relation is sufficient to perform numerical studies: Using explicit values for the para-
meters, constants and functions, the recursive relation can be iterated to get a numerical solu-
tion for xf .
Relic density today With our approximative solutions at hand, we can now derive the value
of Ω0 today after dark matter freeze out by straightforwardly using the above results to de-
termine ρχ = Mχ · nχ and using the definition of Ω in (2.12). In order to to this, both the
number density nχ,∞ and the temperature T∞ after freeze out, which appear as Y∞ in (2.31),
have to be translated into today’s values first:
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We use (2.22) to determine the number density today: Since no annihilation takes place after
freeze–out,
dnχ
dt
= −3 a˙
a
nχ, (2.35)
with the solution nχ,0 = nχ,∞ · (a0/a∞)3.
For the temperature evolution, we argued before that (2.21) holds for constant g∗. However,
in our case the effective degrees of freedom3 change from the freeze out scale until now. It
follows that (a0T 30 ) = (a∞T 3∞) · g∗(xf )/g0 with g0 = 3.36.
Combining the above relations leads to the following final result for the dark matter abund-
ance, typically given as Ω0h2 (where h was defined with the numerical value of the hubble
parameter H0):
ΩDM0 h
2 ≈ 1.04× 109 GeV−1 xf
mPl
√
g∗(xf )(a+ 3b/xf )
. (2.36)
Ω0 does not depend explicitely on the dark matter mass Mχ but still implicitly through the
cross section and xf . As expected we see that the larger the annihilation cross section, the
smaller the relic density is today. For a given WIMP model, the relic density today can be eval-
uated by calculating the total annihilation cross section, reading off the expansion coefficients
a and b and then finally solving (2.34) and (2.36) with the corresponding value for g depending
on the type of WIMP particle.
3 To be exact, not the value of g∗ but of gs∗ is important, with gs∗ ≡
∑
i
(
Ti
T
)3
gi
15
pi4
∫∞
Mi
√
E2−M2i
eE/T∓1 E
2dE. However,
since they only differ by the exponent of the (Ti/T ) factor, gs∗ can be approximated by g∗ as long as the particles’
individual temperatures Ti do not differ too much from the overall temperature T .
12
Chapter 3
Effective Models for Dark Matter Interaction
In this work we use effective vertices to describe the interaction of the Standard Model with
the dark matter sector. Advantages of this approach are described in section 3.1, along with a
motivation for the particular effective ansatz we use in comparison to previous work in this
field. In section 3.2 we explicitly calculate effective vertices out of fundamental Lagrangians
for theories with different spin for the WIMP and different interaction modes. In section 3.3
we define specific benchmark models for the general Lagrangians that lead to theories with
only one coupling constant Geff .
3.1 Effective Theories for WIMPs
WIMPs are of particular interest in modern particle physics since they naturally arise in some
currently probed extensions of the Standard Model. A famous example is Supersymmetry [12–
15], where every Standard Model particle gets a partner with all the same quantum numbers
except with the spin differing by 1/2. If one assumes an additional discrete symmetry that only
allows an even number of supersymmetric particles in any interaction, the lightest supersym-
metric particle becomes automatically stable, leading to a potential dark matter candidate [55].
However, even the smallest supersymmetric extension of the Standard Model with one super-
symmetric partner for each Standard Model field, called the Minimal Supersymmetric Standard
Model [56, 57], introduces about 120 new mass–, interaction– and mixing–parameters [58]. This
huge number of degrees of freedom and the large number of production mechanisms makes it
extremely difficult to derive general statements about individual parameters within the theory
from experimental dark matter constraints.
Effective theories avoid this problem by employing valid approximations and staying in a
general framework to describe interactions with as few parameters and vertices as possible.
In our case, we will use a theory with only one effective vertex and two unknown parameters,
the mass of the dark matter candidate Mχ and the effective vertex coupling Geff .
The idea of parametrising the interaction of a dark matter particle with Standard Model
particles by using effective operators has been used in previous analyses (see for example [19,
20, 22–24, 34]). Many authors construct a list of 4–particle-interactions with Lorentz–invariant
combinations of γµ, ∂µ and spinor–/vector–indices up to mass dimension 5 or 6. In many
cases there is no explanation of how these operators may arise in an underlying fundamental
theory. That makes it difficult to judge how exhaustive the lists of operators are, whether
interferences between different operators should be taken into account and how the effective
model is connected to realistic fundamental theories and their couplings.
We therefore follow a more sophisticated approach which was introduced in [19]. We start
with different fundamental theories with given renormalisable interactions which are medi-
ated by a very massive particle from the Standard Model fermions to the dark matter particles.
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By assuming energies
√
s much smaller than the mass MΩ of the heavy mediator, we receive
effective 4–particle–vertices. Using these operators, one has a simple framework at hand with
only one new vertex and two free parameters. These can be easily analysed and probed by
different experiments. However, we still have the possibility to propagate any information
back onto the parameters of the corresponding underlying fundamental theory.
3.2 Deriving Effective Lagrangians
We start with a list of fundamental Lagrangians motivated in [19]. We are interested in the phe-
nomenology of a high energy experiment in chapter 6, so we do not perform a non–relativistic
approximation as it is done in other studies. Therefore the final results for the effective oper-
ators may differ. We also do not apply equations of motion to derive the effective vertices, but
we make use of the path integral formalism as motivated in [59], which is argued to be more
stable against quantum effects that can make the use of equations of motion invalid.
Since models with the same mediator involve similar calculations, the following subsections
are ordered according to the mediator’s spin.
Scalar Mediator
Let ψ denote the Standard Model fermion spinor and φ correspond to a real1 scalar field for
the mediating particle. Regardless of the mediator’s spin, we will use MΩ to denote its mass
throughout the whole chapter. We now derive the effective operators for different spins for
the dark matter candidate χ:
Complex Scalar Dark Matter
ψ
ψ¯
χ
χ†
φ gχgs/p
A simple general Lagrangian with both scalar and pseudoscalar couplings to the fermion can
be formulated as follows:
L = Lfree +
1
2
(∂µφ)
2 − 1
2
M2Ωφ
2 − gχχ†χφ− ψ¯
(
gs + igpγ
5
)
ψφ (3.1)
= Lfree − 1
2
φφ− 1
2
M2Ωφ
2 − Fφ, (3.2)
F ≡ gχχ†χ+ ψ¯
(
gs + igpγ
5
)
ψ. (3.3)
Lfree describes the kinetic parts for ψ and φ, which are of no interest for this analysis. We now
use the Green function DS(x − y) for the scalar propagator to rewrite the linear term in φ.
1 The calculation for a complex mediator field is similar. Factors of 2 will appear at different steps but will at the
end lead to the same result.
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Using its definition2
(−x −M2Ω)DS(x− y) = iδ4(x− y), (3.4)
DS(y − x)(−x −M2Ω) = iδ4(x− y), (3.5)
we can complete the square inL :
Lint =
1
2
[
φ(x) + i
∫
d4y F (y)DS(y − x)
] [−x −M2Ω] [φ(x) + i ∫ d4z F (z)DS(z − x)]
+
i
2
∫
d4y F (y)DS(y − x)F (x). (3.6)
Using relations (3.4), (3.5) and performing the integrals over the delta functions, one can easily
verify that (3.6) indeed is identical to the interaction part in (3.2).
The path integral sums up all possible configurations for φ(x). Thus we may shift the func-
tion φ arbitrarily without changing any physical quantity. We apply the following substitution
rule:
φ(x)→ φ(x)− i
∫
d4y F (y)DS(y − x). (3.7)
With the abbreviation DF ≡ DψDψ¯DχDχ† to sum up the functional integration measures of
the remaining fields, we then arrive at the following form of the path integral:∫
Dφ DF exp
(
i
∫
d4xLint
)
=
∫
Dφ DF exp
(
i
2
∫
d4x φ(x)
[−−M2Ω]φ(x)
−1
2
∫
d4x d4y F (x)DS(x− y)F (y)
)
. (3.8)
We factorised the φ–dependence and now use the path integral version of the Gaussian integ-
ral: ∫
Dφ exp
(
− i
2
∫
dx φ(x)M(x, y)φ(y)
)
∝ (detM)−1/2 . (3.9)
Field–independent factors like the proportionality constant as well as the determinant itself
will cancel in any calculation of a physical correlation function. They are therefore irrelevant
for the remaining calculation. The path integral has now been brought to the following form:∫
Dφ DF exp
(
i
∫
d4xLint
)
=
∫
DF exp
(
−1
2
∫
d4x d4y F (x)DS(x− y)F (y)
)
(3.10)
Next we apply the effective approximation that the energy within the system is signficantly
smaller than the mass of the mediator. Thus it is never produced on–shell. We do so by
2 Note that (3.4) and (3.5) denote operator equations, and all derivatives (here as well as in the following sections)
act to the right. In order to perform calculations for explicit representations of the Green function, i.e. (3.12),
partial integrations have to be applied first to make the derivatives act to the left. This is particularly important
in the later discussion of fermionic mediators.
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expanding the path integral in p/MΩ. After transforming all functions into momentum space
F (x) =
∫
d4k
(2pi)4
F˜ (k)e−ikx, (3.11)
DS(x− y) =
∫
d4q
(2pi)4
i
q2 −M2Ω
e−iq(x−y) (3.12)
we can insert these into the action Sint =
∫
d4x Lint and perform the space integral over the
complex exponentials: ∫
d4x eipx = (2pi)4δ(4)(p). (3.13)
Using the delta functions to reduce the number of momentum integrals, we find:
iSint = −1
2
∫
d4k
(2pi)4
F˜ (−k) i
k2 −M2Ω
F˜ (k). (3.14)
The scale of k is now restricted to physical values through the field–dependence of F˜ (k). It
is therefore reasonable to use the effective approximation k2 − M2Ω ≈ −M2Ω. Transforming
back into real space, one gets the effective action and can read off the corresponding effective
Lagrangian:
iSint = +
1
2
i
M2Ω
∫
d4x F 2(x), (3.15)
Leff =
1
2M2Ω
F 2 (3.16)
⊃ gχ
M2Ω
χ†χψ¯
(
gs + igpγ
5
)
ψ. (3.17)
Dirac Fermion Dark Matter
ψ
ψ¯
χ
χ¯
φ gs/pgs/p
ψ
ψ¯
χ
χ¯
φ
gs/p
gs/p
Fermionic dark matter can interact via s– or t–channel interactions:
L s = Lfree +
1
2
(∂µφ)
2 − 1
2
M2Ωφ
2 − [χ¯ (gs + igpγ5)χ+ ψ¯ (gs + igpγ5)ψ]φ, (3.18)
L t = Lfree +
1
2
(∂µφ)
2 − 1
2
M2Ωφ
2 − [χ¯ (gs + igpγ5)ψ + ψ¯ (gs + igpγ5)χ]φ. (3.19)
Both Lagrangians can be summarised as follows:
L i = Lfree +−1
2
φφ− 1
2
M2Ωφ
2 − F iφ, (3.20)
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with two different auxiliary fields F i:
F s ≡ χ¯ (gs + igpγ5)χ+ ψ¯ (gs + igpγ5)ψ, (3.21)
F t ≡ χ¯ (gs + igpγ5)ψ + ψ¯ (gs + igpγ5)χ. (3.22)
For the s–channel operator, one could even assume individual couplings gχs and g
ψ
s for the
respective χχ and ψψ bilinears. However, since we won’t analyse the full parameter space
of all gi but only particular benchmark scenarios later, we can already apply the simplifying
assumption here that gχi = g
ψ
i . For the t–channel operator, the two couplings have to be equal
to keep the Lagrangian real.
The calculation of the effective Lagrangian is identical to the previous case with a different
auxiliary field F . The result reads as follows:
L ieff =
1
2M2Ω
F i
2
, (3.23)
L seff ⊃
1
M2Ω
χ¯
(
gs + igpγ
5
)
χψ¯
(
gs + igpγ
5
)
ψ, (3.24)
L teff ⊃
1
M2Ω
ψ¯
(
gs + igpγ
5
)
χχ¯
(
gs + igpγ
5
)
ψ. (3.25)
Complex Vector Dark Matter
ψ
ψ¯
χµ
χ†µ
φ gχgs/p
This case is evaluated analogously:
L = Lfree +
1
2
(∂µφ)
2 − 1
2
M2Ωφ
2 + gχχ
µχµφ− ψ¯
(
gs + igpγ
5
)
ψφ, (3.26)
= Lfree − φφ− 1
2
M2Ωφ
2 − Fφ, (3.27)
F ≡ −gχχµχµ + ψ¯
(
gs + igpγ
5
)
ψ, (3.28)
Leff =
1
2M2Ω
F 2 ⊃ − 1
M2Ω
χµχµψ¯
(
gs + igpγ
5
)
ψ. (3.29)
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Fermionic Mediator
We now look at models with a Dirac fermion mediator, η. The difference in the Green function
will significantly change the result.
Complex Scalar Dark Matter
ψ
ψ¯
χ
χ†
η
gs/p
gs/p
A possible Lagrangian for complex scalar dark matter looks like this:
L = Lfree + η¯
(
i/∂ −MΩ
)
η − η¯ (gs + igpγ5)ψχ− ψ¯ (gs + igpγ5) ηχ† (3.30)
= Lfree + η¯
(
i/∂ −MΩ
)
η − η¯F − F¯ η, (3.31)
F ≡ (gs + igpγ5)ψχ (3.32)
Note that F is now a Dirac spinor and therefore F¯ ≡ F †γ0. We follow the same calculation as
in the case of a scalar mediator but with different Green functions:
(i/∂x −MΩ)DF (x− y) = iδ4(x− y), (3.33)
DF (y − x)(i/∂x −MΩ) = iδ4(y − x). (3.34)
We again rewrite (3.31) to reformulate the linear term:
Lint =
[
η¯(x) + i
∫
d4y F¯ (y)DF (y − x)
] [
i/∂x −MΩ
] [
η(x) + i
∫
d4z DF (x− z)F (z)
]
+ i
∫
d4y F¯ (y)DF (y − x)F (x). (3.35)
We may perform shifts for η and η¯ in the path integral similarly to the scalar case:
η(x)→ η(x)− i
∫
d4z DF (x− z)F (z), (3.36)
η¯(x)→ η¯(x)− i
∫
d4y F¯ (y) DF (y − x). (3.37)
However, the Gaussian path integral formulation for spinor fields has a different form:∫
DψDψ¯ exp
(
−
∫
dx dy ψ¯(x)M(x, y)ψ(y)
)
∝ (detM) . (3.38)
The determinant appears with a different power but is again of no interest since it does not
contain any fields and will drop out in any correlator. Similar to the scalar case we end up
with ∫
DF exp
(
i
∫
d4xLint
)
=
∫
DF exp
(
−
∫
d4x d4y F¯ (x)DF (x− y)F (y)
)
. (3.39)
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We again switch to momentum space3 using the momentum representation of the Dirac propag-
ator S:
DF (x− y) =
∫
d4q
(2pi)4
i
(
/q +MΩ
)
q2 −M2Ω
e−iq(x−y), (3.40)
iSint = −
∫
d4k
(2pi)4
˜¯F (k)
i (/k +MΩ)
k2 −M2Ω
F˜ (k). (3.41)
Expanding the denominator in k/MΩ up to order k2/M2Ω, we now find two terms:
iSint ≈ i
∫
d4k
(2pi)4
˜¯F (k)
(
/k
M2Ω
+
1
MΩ
)
F˜ (k). (3.42)
If we now go back to real space, /k becomes i/∂x. Acting on F , it acts on both fields φ and ψ. 4.
We can now read off the effective Lagrangian:
Leff =
1
M2Ω
F¯
(
i/∂ +MΩ
)
F (3.43)
⊃ 1
M2Ω
ψ¯
(
gs + igpγ
5
)
iγµ
(
gs + igpγ
5
)
ψχ†∂µχ
+
1
M2Ω
ψ¯
(
gs + igpγ
5
)
iγµ
(
gs + igpγ
5
)
(∂µψ)χ
†χ
+
1
MΩ
ψ¯
(
gs + igpγ
5
) (
gs + igpγ
5
)
ψχ†χ (3.44)
=
g2s − g2p
MΩ
ψ¯ψχ†χ+
i
M2Ω
ψ¯
(
g2s + g
2
p − 2gsgpγ5
)
γµψχ†∂µχ
+
i
M2Ω
ψ¯
(
g2s + g
2
p − 2gsgpγ5
)
γµ(∂µψ)χ
†χ. (3.45)
Vector Dark Matter
ψ
ψ¯
χµ
χ†µ
η
gl/r
gl/r
The Lagrangian changes to
L = Lfree + η¯
(
i/∂ −MΩ
)
η + η¯γµ (glPL + grPR)ψχµ + ψ¯ (glPR + grPL) γ
µηχ†µ (3.46)
= Lfree + η¯
(
i/∂ −MΩ
)
η − η¯F − F¯ η, (3.47)
F ≡ γµ (glPL + grPR)ψχµ. (3.48)
3 Note that the complex conjugate spinor field F¯ has a Fourier transform with a positive exponent e+ikx, which
leads to an opposite sign for the momentum in comparision to the real scalar of the previous calculation.
4 Contrary to [19], derivatives on the Standard Model fermion fields are not neglected. They only vanish if the
Dirac equation i/∂ψ = mψ is applicable (i.e. not for off-shell particles) and if the mass is negligibly small
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With the above F , we can directly use and evaluate the result from the previous calculation:
Leff =
1
M2Ω
F¯
(
i/∂ +MΩ
)
F (3.49)
⊃ glgr
MΩ
ψ¯γνγρψ χ†νχρ +
i
M2Ω
ψ¯γνγµγρ
(
g2l PL + g
2
rPR
)
ψ χ†ν∂µχρ
+
i
M2Ω
ψ¯γνγµγρ
(
g2l PL + g
2
rPR
)
(∂µψ) χ
†
νχρ (3.50)
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Vector Mediator
Scalar Dark Matter
ψ
ψ¯
χ
χ†
Zµ gχgl/r
Zµ denotes a single mediating real vector field with field strength Fµν = ∂µZν − ∂νZµ . A
possible Lagrangian for scalar dark matter then is as follows:
Lint = −1
4
FµνFµν +
1
2
M2ΩZ
µZµ + gχ
(
χ†∂µχ− χ∂µχ†
)
Zµ + ψ¯γµ (glPL + grPR)ψZµ (3.51)
=
1
2
Zµ
[(
+M2Ω
)
gµν − ∂µ∂ν
]
Zν + FµZ
µ, (3.52)
Fµ ≡ gχ
(
χ†∂µχ− χ∂µχ†
)
+
(
gs + gpγ
5
)
ψχ. (3.53)
The sign structure appearing in the Zχχ† term can be understood by taking a gauge theory
as an example and expanding the covariant derivative Dµ ≡ ∂µ + igχZµ in the kinetic term
(Dµχ)
† (Dµχ).
The corresponding Green functions are then defined as[
(M2Ω +)gαβ − ∂α∂β
]
DβγV (x− y) = iδ4(x− y)δγα, (3.54)
DαβV (x− y)
[
(M2Ω +)gβγ − ∂β∂γ
]
= iδ4(x− y)δαγ . (3.55)
We now proceed as usual by completing the square:
Lint =
1
2
[
Zµ(x) + i
∫
d4y F¯ρ(y)D
ρµ
V (y − x)
] [(
+M2Ω
)
gµν − ∂µ∂ν
]
[
Zν(x) + i
∫
d4z DνλV (x− z)Fλ(z)
]
+
i
2
∫
d4y F¯µ(y)D
µν
V (y − x)Fν(x). (3.56)
Shifting the field and performing the Gaussian integral leads to the following action:∫
DF exp
(
i
∫
d4xLint
)
=
∫
DF exp
(
1
2
∫
d4y Fµ(y)D
µν
V (y − x)Fν(x)
)
. (3.57)
Now we need the momentum representation for the vector propagator5:
DαβV (x− y) =
∫
d4q
(2pi)4
−i
q2 −M2Ω
(
gαβ − q
αqβ
M2Ω
)
eiq(x−y). (3.58)
5 Our form of the propagator in (3.58) assumes a particular gauge fixing condition (ξ → ∞ in Rξ gauge). Only
the term propotional to qαqβ is affected by that choice. Since this term vanishes after performing the effective
approximation in (3.60), our results are manifestly gauge invariant.
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Transforming into momentum space, expanding in k/MΩ and only using terms up to order
k2/M2Ω leads to the effective Lagrangian for this model:
iSint = −1
2
∫
d4k
(2pi)4
F˜α(k)
i
k2 −M2Ω
(
gαβ − k
αkβ
M2Ω
)
F˜β(k) (3.59)
≈ i
2
∫
d4k
(2pi)4
F˜α(k)
1
M2Ω
gαβF˜β(k), (3.60)
Leff =
1
2M2Ω
FµFµ (3.61)
⊃ gχ
M2Ω
ψ¯γµ (glPL + grPR)ψ
(
φ†∂µφ− φ∂µφ†
)
. (3.62)
Fermion Dark Matter
ψ
ψ¯
χ
χ¯
Zµ gl/rgl/r
ψ
ψ¯
χ
χ¯
Zµ
gl/r
gl/r
In this case the Lagrangian can again either describe an s-channel6 or a t-channel interaction
L sint = −
1
4
FµνFµν +
1
2
M2ΩZ
µZµ +
[
ψ¯γµ (glPL + grPR)ψ + χ¯γ
µ (glPL + grPR)χ
]
Zµ, (3.63)
L tint = −
1
4
FµνFµν +
1
2
M2ΩZ
µZµ +
[
χ¯γµ (glPL + grPR)ψ + ψ¯ (glPR + grPL) γ
µχ
]
Zµ (3.64)
We can sum up both cases as follows
L iint =
1
2
Zµ
[(
+M2Ω
)
gµν − ∂µ∂ν
]
Zν + F iµZ
µ, (3.65)
where
F sµ ≡ ψ¯γµ (glPL + grPR)ψ + χ¯γµ (glPL + grPR)χ, (3.66)
F tµ ≡ χ¯γµ (glPL + grPR)ψ + ψ¯γµ (glPL + grPR)χ. (3.67)
The result then reads
Leff =
1
2M2Ω
FµFµ, (3.68)
L seff ⊃
1
M2Ω
ψ¯γµ (glPL + grPR)ψ χ¯γµ (glPL + grPR)χ, (3.69)
L teff ⊃
1
M2Ω
ψ¯γµ (glPL + grPR)χχ¯γµ (glPL + grPR)ψ. (3.70)
6 Again, we do not consider the possible generalisation of using individual couplings gχl/r and g
ψ
l/r for the s–
channel case.
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Vector Dark Matter
ψ
ψ¯
χµ
χ†µ
Zµ gχgs/p
We follow the idea of the scalar case and introduce the coupling between the dark matter
field and the mediator using an analogy to gauge couplings: We combine the two real degrees
of freedom of the complex dark matter field with the single real degree of freedom of the
mediator to define a vector triplet as follows:
χµ ≡ 1√
2
(Bµ1 + iB
µ
2 ) , (3.71)
χ†µ ≡
1√
2
(Bµ1 − iBµ2 ) , (3.72)
Aaµ ≡ (Zµ, Bµ1 , Bµ2 ) =
(
Zµ,
1√
2
[
χµ + χ†µ
]
,
i√
2
[
χ†µ − χµ
])
. (3.73)
The field–strength–tensor and the gauge kinetic term are constructed similar to an SU(2) gauge
theory with the structure constants fabc ≡ gabc. We continue by writing these tensors out
explicitely in terms of χµ, χ
†
µ and Zµ to read off the triple vector boson vertex we need for our
model:
F aµν ≡ ∂µAaν − ∂νAaµ + fabcAbµAcν (3.74)
F 1µν = ∂µZν − ∂νZµ + g
(
B1µB
2
ν −B2µB1ν
)
(3.75)
= ∂µZν − ∂νZµ + ig
(
χµχ
†
ν − χ†µχν
)
, (3.76)
F 2µν =
1√
2
[
∂µχν − ∂νχµ + ∂µχ†ν − ∂νχ†µ + ig
(
χ†µZν − Zµχ†ν − χµZν + Zµχν
)]
, (3.77)
F 3µν =
1√
2
[
∂νχµ − ∂µχν + ∂µχ†ν − ∂νχ†µ + ig
(
−χ†µZν + Zµχ†ν − χµZν + Zµχν
)]
, (3.78)
F aµνF
aµν =
1
2
(
∂µχ
†
ν − ∂νχ†µ
)
(∂µχν − ∂νχµ) + 1
4
(∂µZν − ∂νZµ)2 (3.79)
+ ig
(
∂µχ
†
ν − ∂νχ†µ
)
Zµχν + igχµχ
†
ν∂
µZν + h.c. + quartic couplings. (3.80)
We will neglect any quartic couplings since they won’t give any contribution to our effective
operators for pairwise coupling. This leads to the following Lagrangian:
Lint = −1
4
FµνF
µν +
1
2
M2ΩZµZ
µ − igχZµχ†ν (∂µχν − ∂νχµ) + igχZµχν
(
∂µχ
†
ν − ∂νχ†µ
)
− igχ (∂µZν − ∂νZµ)χ†µχν + ψ¯γµ (glPL + grPR)ψZµ (3.81)
= +
1
2
Zµ
[(
+M2Ω
)
gµν − ∂µ∂ν
]
Zν + FµZ
µ, (3.82)
Fµ ≡ −igχχ†ν (∂µχν − ∂νχµ) + igχχν
(
∂µχ
†
ν − ∂νχ†µ
)
+ igχ∂ν
(
χ†νχµ − χ†µχν
)
+ ψ¯γµ (glPL + grPR)ψ (3.83)
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One has to perform partial integrations on the ∂µZν terms in order to receive the full FµZµ
form. Using our previous result we are able to read off the effective Lagrangian:
Leff =
1
2M2Ω
FµFµ (3.84)
⊃ gχ
M2Ω
ψ¯γµ (glPL + grPR)ψ
[
iχν
(
∂µχ
†
ν − ∂νχ†µ
)
− iχ†ν (∂µχν − ∂νχµ)
+ i∂ν
(
χ†νχµ − χ†µχν
)]
. (3.85)
3.3 Benchmark Models
Table 3.1 summarises the previously derived list of operators. We use the labelling scheme
XY for a model with dark matter X and mediator Y which are either S(calars), F(ermions) or
V(ectors). The mediator receives a prefix t to denote t–channel interactions in fermion dark
matter models in order to distinguish them from the corresponding s–channel interactions
with the same mediator.
These models still depend on multiple parameters gi appearing in linear combinations with
different Dirac–structures. We restrict our analysis to specific benchmark models (see table 3.2)
with constraints on the individual couplings such that only one overall multiplicative factor
remains. The effective coupling constantGeff for each model is then defined as g1g2/M2Ω. Mod-
els with fermionic mediators form an exception, because the leading order term depends only
on 1/MΩ. This is why in these cases we define Geff ≡ g1g2/MΩ. Since we have an additional
1/M2Ω–term in these models which we cannot factorise out, we choose two example values of
MΩ to model different supression strengths of those subleading terms which we call low and
high.
Note that SS and VS models have a triple scalar coupling with a dimensionful coupling
constant gχ, which leads to a mass dimension of -1 for Geff. This is different to other 1/M2Ω–
models which have mass dimension -2.
In addition to the spin and interaction mode, we distinguish between complex and real dark
matter fields (the latter denoted by the suffix r). However, models with real fields that are trivi-
ally connected to the corresponding complex cases by multiplicative prefactors are not taken
into account separately. SS, FS, VS and FV axialvector models will always receive an addi-
tional factor of 2 for all matrix elements, whereas SV, VV and FV vector interactions vanish7.
The results therefore scale accordingly. We also omit models with left–chiral couplings, since
they are identical to the respective right–chiral cases for polarisation independent analyses. In
those cases, we call the interaction generally chiral. For the ILC study, which is polarisation
dependent, we give the corresponding conversion factors and analyse the right–chiral case
only8.
We distinguish whether the coupling strengthGeff changes between different Standard Model
7 For scalar and vector dark matter, these statements are easily verified by constraining χ(µ) = χ
†
(µ) and evaluating
the operators in table 3.1. For Majorana spinor fields, we follow the proper definitions and statements in [60].
Note that for cross sections calculations, additional symmetry factors may appear for identical particles in the
same final state
8 Since FV is the only vector interaction model with different effects on the vector and axialvector parts for real
particles, the right–chiral FV model as a superposition of both behaves non–trivially under the reality condition
and is considered as a separate model.
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DM Med. Diagram
−L intUV
−L inteff
S S
gχχ
†χφ+ ψ¯(gs + igpγ5)ψφ
gχ
M2Ω
χ†χψ¯(gs + igpγ5)ψ
S F
η¯(gs + gpγ
5)ψχ+ ψ¯(gs − gpγ5)ηχ†
1
MΩ
[
(g2s − g2p)ψ¯ψχ†χ+
i
MΩ
χ†ψ¯
(
g2s + g
2
p − 2gsgpγ5
)
γµ∂µ (ψχ)
]
S V
gχ(χ
†∂µχ− χ∂µχ†)Zµ + ψ¯γµ(glPL + grPR)ψZµ
gχ
M2Ω
ψ¯γµ (glPL + grPR)ψ
(
φ†∂µφ− φ∂µφ†
)
F S
χ¯
(
gs + gpγ
5
)
χφ+ ψ¯
(
gs + gpγ
5
)
ψφ
1
M2Ω
χ¯
(
gs + igpγ
5
)
χψ¯
(
gs + igpγ
5
)
ψ
F V
ψ¯γµ(glPL + grPR)ψZµ + χ¯γ
µ(glPL + grPR)χZµ
1
M2Ω
ψ¯γµ (glPL + grPR)ψ χ¯γµ (glPL + grPR)χ
F tS
χ¯
(
gs + gpγ
5
)
ψφ+ ψ¯
(
gs + gpγ
5
)
χφ
1
M2Ω
ψ¯
(
gs − gpγ5
)
χχ¯
(
gs + gpγ
5
)
ψ
F tV
ψ¯γµ(glPL + grPR)χZµ + χ¯γ
µ(glPL + grPR)ψZµ
1
M2Ω
ψ¯γµ (glPL + grPR)χχ¯γµ (glPL + grPR)ψ
V S
−χµχµφ+ ψ¯(gs + igpγ5)ψφ
− gχ
M2Ω
χµχµψ¯
(
gs + igpγ
5
)
ψ
V F
−η¯γµ(glPL + grPR)χµ + ψ¯γµ(glPL + grPR)ηχ†µ
1
MΩ
[
glgrψ¯γ
νγρψ χ†νχρ +
i
MΩ
χ†νψ¯γ
νγµγρ
(
g2LPL + g
2
RPR
)
∂µ (ψχρ)
]
V V
igχ
[
Zµχ
†
ν∂χ
µν + Zµχν∂χ
µν + χ†µχν∂Zµν
]
+ ψ¯γµ(glPL + grPR)ψ
igχ
M2Ω
ψ¯γµ (glPL + grPR)ψ
[
χν∂χ†µν − χ†,ν∂χµν + ∂ν
(
χ†νχµ − χ†µχν
)]
Table 3.1: List of all fundamental and corresponding effective Lagrangians. ∂Xµν ≡ ∂µXν − ∂νXµ.
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Operators Definition Name
SS, VS, FS, FtS, FtSr gp = 0 Scalar
gs = 0 Pseudoscalar
SF, SFr gp = 0,MΩ = 1 TeV Scalar, Low
gp = 0,MΩ = 10 TeV Scalar, High
gs = 0,MΩ = 1 TeV Pseudoscalar, Low
gs = 0,MΩ = 10 TeV Pseudoscalar, High
SV, FV, FtV, FtVr, VV gl = gr Vector
gl = −gr Axialvector
gl = 0 Right (Chiral)
VF, VFr gl = gr,MΩ = 1 TeV Vector, Low
gl = −gr,MΩ = 10 TeV Vector, High
gl = gr,MΩ = 1 TeV Axialvector, Low
gl = −gr,MΩ = 10 TeV Axialvector, High
FVr gl = 0 Right (Chiral)
Table 3.2: Benchmark models with specific values for the coupling constants in table 3.1
particles:
Universal or Yukawa–like coupling strength: In a universal model all particles couple with
the same strengthGeff, whereas in a Yukawa–like model the coupling grows proportional
to the respective Standard Model fermion mass. To keep the proper mass dimension of
Geff, we normalise the Yukawa–scaled coupling to the electron mass:
GXeff ≡ Geff mX/me. (3.86)
In that case, ILC results will be identical for both coupling schemes.
Coupling to all fermions or leptons only: The fermion–case includes all Standard Model fer-
mions as allowed interaction partners, whereas the leptons only–scenario forbids coup-
lings to quarks. The latter strongly reduces nuclear cross sections which are probed at
direct detection experiments, which affects the relative exclusion potential of these ex-
periments and the ILC.
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Constraining Geff with WMAP Data
With our effective interaction models at hand, we can now start to look at the allowed para-
meter space Geff(Mχ) that is in agreement with the expected dark matter relic density ΩDM0 ,
whose current best measured value is given by the WMAP experiment. In section 4.1 we
shortly describe how WMAP derived that value from a spectral analysis of the anisotropies
within the cosmic microwave background radiation. Section 4.2 will then show how we can
link that value to the effective vertices and give respective results for all benchmark models
listed in the previous chapter.
4.1 Measuring ΩDM0 with WMAP
The Wilkinson Microwave Anisotropy Probe–experiment (WMAP) measured the value and
fluctuation of the cosmic microwave background radiation [38]. During the evolution of the
universe, most particles once encountered the freeze–out phase described in chapter 2. Among
these, photons decouple last and set today’s temperature of 2.73 K. WMAP measured this ra-
diation over the whole sky from 2001 to 2010. In particular the telescope analysed polarisation
and anisotropies in the spectrum which are caused by different effects during and after freeze
out, with the aim to deduce cosmological parameters from these measurements. In figure 4.1a
we show the temperature measurement of the full sky map. The deviations from the aver-
age temperature are below the per mille level and strongly support the theory of big bang
cosmology that predicts a very homogenous distribution. In figure 4.1b we show the meas-
ured temperature spectrum in terms of multipole moments: Expanding the angle dependent
spectrum in the base of spherical harmonics, one finds the given coefficients CTTl as follows:
T (nˆ) =
∞∑
l=0
l∑
m=−l
aTlmYlm(nˆ), (4.1)
CTTl =
1
2l + 1
l∑
m=−l
∣∣aTlm∣∣2 . (4.2)
The CTTl spectrum can be analysed in the so called ΛCDM–model, which assumes a universe
with the Friedmann–Lemaître–Robertson–Walker–metric given in (2.6) and describes its evol-
ution since the big bang with six degrees of freedom. At WMAP, the following parameter set
is chosen:
• Relative abundance of dark energy Ω0Λ.
• Relative abundance of baryonic matter Ω0bh
2.
27
Chapter 4 Constraining Geff with WMAP
a) b)
Figure 4.1: WMAP results after seven years of data taking. a) Galactic map and the measured temper-
ature anisotropies from the median. The difference in color is linear proportional to the temperature
anisotropy with a total range of ± 200 µK. b) Temperature power spectrum in terms of multipole mo-
ments l. Both are taken from [38].
• Relative abundance of cold dark matter Ω0DM.
• Optical thickness τ for reionization1.
• Scalar spectral index2 ns.
• Curvature fluctuation amplitude2 ∆2R(k0).
Within this model a peak spectrum as in figure 4.1b is expected. Here, the size and position of
the first three peaks depend on the relative values of the individual abundances for baryonic
matter, cold dark matter and dark energy. The seven year measurement yielded the result
ΩDM0 h
2 = 0.1109± 0.0056. (4.3)
4.2 Relating Geff to ΩDM0 and Results
Using the list of effective operators from tables 3.1 and 3.2, we can calculate the total cross sec-
tion for dark matter annihilation into standard model fermions given by the diagram in figure
4.2. The respective expansion terms a and b described in section 2.3 are given in appendix
B.1. For the evaluation of the freeze out temperature and the dark matter abundance, we have
to sum over the individual cross sections for each standard model fermion the dark matter
particle can annihilate into.
We derive bounds onGeff as follows: For each model, we numerically solve (2.34) for xf and
calculate the corresponding value of ΩDM0 h
2 using (2.36). We set c = 1/2 [23], but the actual
value has no significant impact on the result as long as it is of order 1. For scalar (fermionic,
vector) dark matter we set g to 1 (2, 3) respectively. Also we use ΩDMtot = Ωχ + Ωχ† , i.e. in the
1 Structure formation has caused the emission of high energy photons that ionize atoms, leading to a reavailability
of electrons for further scattering and changing the CMB spectrum.
2 The early universe encountered a phase of rapid expansion, called inflation, to explain why the CMB is the
same even in areas that have not been in causal contact. Macroscopic anisotropies are then caused by pre–
inflationary primordial fluctuations, described by a power law with exponent ns − 1 and amplitude PR(k0) =
(2pi2)∆2R(k0)/k
3
0 , k0 = 0.002 Mpc.
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χ†
χ ψ¯
ψ
Figure 4.2: Annihilation process through an effective four–particle vertex.
case of complex dark matter fields we double the final value of ΩDM since both particle and
antiparticle contribute individually with the same value [23].
For dark matter masses Mχ between 1 GeV and 500 GeV, which is the maximum mass ac-
cessible at ILC energies we want to compare with, we search for the value of Geff that leads to
ΩDM0 h
2 = 0.1181, which is the upper one sided limit at the 90 % confidence level. Smaller val-
ues for Geff are then excluded, since they lead to a too large abundances of dark matter today.
This would overclose the universe. We allow stronger couplings which lower the abundances
though, since there could be additional contributions to ΩDM0 apart from the WIMP of our
model. As an example, an additional neutrino–only coupling WIMP could evade any exclu-
sion statements of both the ILC and XENON but affect ΩDM0 .
Figures 4.3 and 4.4 show the results for all benchmark models listed in table 3.2 in the case
of universal coupling to all standard model fermions. Models with an effective coupling of
mass dimension -1 show only a small dependence on the mass of the dark matter particle,
whereas the exclusion limits for other models decreasy by up to three orders of magnitude
with increasing Mχ. This is mostly caused by the additional M2χ–dependence in the cross
section of the latter.
In table 3.2 we listed two different suppression scales MΩ for models with fermionic t–
channel operators. In this analysis, the size of that scale gives only a very small effect: The
evaluation of the freeze–out temperature was performed in a small–velocity approximation,
for which we expect a strong suppression of terms beyond the leading order within the effect-
ive theory. In particular we know for dark matter in the initial state that s grows proportion-
ally to M2χ, such that the s/M2Ω–suppression becomes weaker for larger WIMP–masses. This
explains the small deviations between low and high XF models that arise at large values of Mχ.
For WIMP–masses above 1.2 GeV (1.8 GeV, 4.2 GeV or 173.5 GeV) the annihilation into charm–
quarks (tau–leptons, bottom–quarks and top–quarks) become accessible and increase the total
annihilation rate, leading to a smaller allowed value for Geff. The size of these kinks depend
strongly on how the cross section depends on the final state mass, i.e. if the coupling is uni-
versal or Yukawa–like. In figures 4.5 and 4.6 we give the results for the same set of models
but with Yukawa–like couplings instead. In that case, the contribution from heavy particles is
strongly enhanced through the larger coupling Geff, such that the exclusion limits change by
up to two orders of magnitude when the WIMP mass passes the top quark threshhold. This
effect disappears for lepton–only couplings and the generally smaller annihilation rate leads
to a weaker limit by up to a factor of 2.
A subset of the models we consider in this analysis has already been analysed before with
respect to their compatibility with Ω0DM in [22–24]. We agree with their respective results, ex-
cept for the slight deviations in [22] that are explained in [23] through the missing definition
of Ωcomplex = 2Ωreal.
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Figure 4.3: Minimum couplings in agreement with WMAP. Models with s–channel mediators and uni-
versal couplings.
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Figure 4.4: Minimum couplings in agreement with WMAP. Models with s–channel mediators and
Yukawa–like couplings.
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Figure 4.5: Minimum couplings in agreement with WMAP. Models with t–channel mediators and uni-
versal couplings.
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Figure 4.6: Minimum couplings in agreement with WMAP. Models with t–channel mediators and
Yukawa–like couplings.
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Chapter 5
Radiative Production of Dark Matter
Collider studies can analyse the pair production of dark matter particles. However, these
particles only interact weakly and thus escape detection. At least one additional particle is
needed to trigger the event selection and to give measurable observables. In this study we look
at events with one additional hard photon in the final state radiated by one of the incoming
leptons.
For our effective 4–particle operators, this process is described by the two diagrams given in
figure 5.1. In the following we discuss the calculation of the differential cross section for that
process. In section 5.1 we give a short introduction to the spin formalism which is needed in
this analysis because of the spin polarisation of the incoming particles at the ILC. Section 5.2
takes a short look at the parametrisation of the phase space of this particular 2 → 3 process.
Besides the analytical calculation, we introduce a soft–photon–approximation in section 5.3
that is used in other analyses of effective WIMP theories. Finally we give the results of both
the analytical and the approximative calculation and compare these in section 5.4.
5.1 Spin Formalism for Polarised Matrix Elements
We use spin density matrices to include the longitudinal spin polarisation P− and P+ of both
the electron and positron in the initial state and follow the discussion in [61]. In statistical
quantum mechanics, the density matrix equals the sum of the projectors on all eigenspaces,
weighted by the individual probability of the corresponding eigenstate. In our case, the states
we project on are the unit spinors
(
1
0
)
with probability pup and
(
0
1
)
with the respective com-
plementary probability 1− pup:
ρ = pup
(
1
0
)(
1 0
)
+ (1− pup)
(
0
1
)(
0 1
)
. (5.1)
ψ
ψ¯
γ
χ
χ†
ψ
ψ¯ γ
χ
χ†
Figure 5.1: Diagrams for radiative pair production of dark matter through effective four–particle–
vertices.
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The probability for the spin to point upwards1 is assumed to be 0.5 in the case of no polar-
isation and shall vary between 0 and 1 for a polarisation between −1 and +1. We therefore
replace pup = (1 + P±)/2 with P± denoting the polarisation of the positron/electron and find
ρ± =
1
2
(
1 0
0 1
)
+
P±
2
(
1 0
0 −1
)
. (5.2)
Replacing the two matrices by 1 and σ3, we receive the following standard formulation for the
polarisation density matrices of electrons and positrons in index formulation:
ρλ−,λ′− =
1
2
(
δλ−,λ′− + P
−σ3λ−,λ′−
)
, (5.3)
ρλ+,λ′+ =
1
2
(
δλ+,λ′+ + P
+σ3λ+,λ′+
)
. (5.4)
After determining the helicity dependent matrix element, we calculate the full averaged mat-
rix element squared by contracting with the above density matrix:
|M|2 =
∑
λ+,λ′+λ−,λ
′
−
ρλ+,λ′+ρλ−,λ′−
∑
i,j
Mλ+λ−i M
∗λ′+λ′−
j . (5.5)
The helicity index will appear in the free spinor functions u and v of the incoming leptons that
come in combinations uu¯ and vv¯. We also bring these into index form by using the Bouchiat–
Michel formulae for massless spinors [62]
u(p, λ−)u¯(p, λ′−) =
1
2
(
δλ−λ′− + γ
5σ3λ−λ′−
)
/p+ . . . (5.6)
v(p, λ+)v¯(p, λ
′
+) =
1
2
(
δλ+λ′+ − γ5σ3λ+λ′+
)
/p+ . . . (5.7)
Omitted additional terms have non–diagonal entries only and vanish when contracting with
ρ. Contracting the helicity indices from the spinor bilinears (5.6) + (5.7) with those from the
density matrices (5.3) + (5.4) leads to the following substitution rule for polarised massless
spinors: ∑
λ−,λ′−
ρλ−,λ′−u(p, λ−)u¯(p, λ
′
−) =
1
2
(
1− P−γ5) /p, (5.8)
∑
λ+,λ′+
ρλ+,λ′+v(p, λ+)v¯(p, λ
′
+) =
1
2
(
1 + P+γ5
)
/p. (5.9)
These relations replace the usual rule
∑
pol u(p)u¯(p) = /p from unpolarised matrix elements
and make it possible to evaluate the cross section with respect to the incoming polarisation.
1 Note that the spin direction describes the helicity state of a particle. This should not be confused with the chirality
of a particle, which is a statement about its behaviour under Poincaré–transformations. If the mass is negligible,
chirality and helicity are identical for the electron but opposite for the positron. This is especially important to
keep in mind for section 5.4 and after, where we classify interactions as left–/right-chiral.
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5.2 Dark Matter Phase Space Integration
Since we do not measure the final state dark matter particles, we have to integrate over their
total phase space in order to calculate the differential cross section for the photon with respect
to its energy and angle. There are different possibilities to choose the coordinate system such
that the phase space integral can be evaluated analytically. We use the center of mass sys-
tem with total invariant mass
√
s and choose the z–axis to coincide with the direction of the
photon’s momentum. Its angle θγ is measured with respect to the momentum of the incoming
electron. In that case the 4–momenta in the process e−(p) + e+(p′) → χ(k) + χ¯(k′) + γ(q) are
given as follows after applying energy– and momentum conservation [63–66]:
p =
√
s
2

1
sin θγ
0
cos θγ
 , p′ = √s2

1
− sin θγ
0
− cos θγ
 , q = Eγ

1
0
0
1
 , (5.10)
k =

Eχ
pχ sin θχ cosφχ
pχ sin θχ sinφχ
pχ cos θχ
 , k′ =

√
s− Eγ − Eχ
−pχ sin θχ cosφχ
−pχ sin θχ sinφχ
−Eγ − pχ cos θχ
 , (5.11)
pχ ≡
√
E2χ −M2χ, (5.12)
θχ ≡
(
√
s− Eγ − Eχ)2 − E2γ − E2χ
2Eγ
√
E2χ −M2χ
. (5.13)
Using the dimensionless quantity xγ ≡ 2Eγ/
√
s for the photon energy, we find the following
phase space integral for the differential cross section:
dσ
dxγ d cos θγ
=
1
512pi4
√
s
∫ E+
E−
dEχ
∫ 2pi
0
dφχ |M|2, (5.14)
E± =
√
s
4
(
2− xγ
[
1±
√
1− 4M
2
χ
s(1− xγ)
])
, (5.15)
where xγ ranges from 0 to 1−4M2χ/s. From now on we will omit the photon index and always
refer to the photon’s properties when using x and θ. Note that an additional factor of 1/2
has to be added to the differential cross sections in the case of real dark matter fields to take
account of the indistinguishability of k and k′.
5.3 Weizsäcker–Williams Approximation
Previous studies (e.g. [21, 29]) often worked in a model independent framework and there-
fore cannot evaluate an explicit matrix element to find the analytical differential cross section
for the photon. They use the so called soft–photon–approximation by Weizsäcker and Williams
(WW) [67], which factorises the properties of the photon in the process e+e− → γχχ into a
kinematical function Fxθ and the total cross section σˆ ≡ σ(sˆ) of the remaining interaction
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e+e−→ χχ with reduced energy sˆ ≡ s(1− x) according to
dσ [e+e−→ χ¯χγ]
dx d cos θ
≈ Fxθ · σˆ
[
e+e−→ χ¯χ] , (5.16)
Fxθ ≡ αem
pi
(x− 1)2 + 1
x sin2 θ
. (5.17)
Here, αem denotes the electromagnetic fine structure constant. The kinematics of Fxθ are uni-
versally predicted by the QED structure of collinear photon radiation and are independent of
the physics appearing in σˆ. It is a valid approximation for small2 energies x and angles θ, but
ignores any interference terms between different diagrams.
5.4 Cross Sections
We determine the polarised differential cross section both analytically and in the WW approx-
imation. The results for this calculation are given in table 5.1. For a compact representation,
we use the following abbreviations:
Polarisation Factors
CS ≡ 1 + P+P−, CL ≡ (1− P−)(1 + P+), (5.18)
CV ≡ 1− P+P−, CR ≡ (1 + P−)(1− P+). (5.19)
Combined Coupling Constants
GX±Y ≡ g2X ± g2Y , GXY ≡ gXgY . (5.20)
Velocity Functions
β ≡
√
1− 4M
2
χ
s
, βˆ ≡
√
1− 4M
2
χ
sˆ
. (5.21)
Photon Kinematics:
Fxθ ≡ αem
pi
(x− 1)2 + 1
x sin2 θ
, Vxθ ≡ x
2 cos(2θ) + (3x− 8)x+ 8
4 ((x− 1)2 + 1) . (5.22)
We put parts in bold if they are purely caused by the analytical calculation and do not appear
in the soft photon approximation. Those corrections are either of the form of an additional
kinematical factor Vxθ, mostly appearing in models with vector mediators, or completely new
terms Ai that typically appear in t–channel interactions. We list the latter in appendix B.2.
They are generally expected in interactions with p–wave contributions, since then the spin
configuration of all three final state particles is of importance to determine the orbital angular
momentum. The impact of the spin needs a proper evaluation of the spinor structure and
2 Obvious divergences for x, θ → 0 arise from typical collinear divergences in QED, which are only solved through
resummation and consideration of next–to–leading order diagrams. They are avoided by experimentally re-
quired minimum values for those kinematical parameters for hard photons.
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Model
dσ
dx d cos θ
SS
βˆFxθ
32piM4Ω
Gs+pg
2
χCs
SF
βˆFxθ
32piM2Ω
[
G2s−pCs +
βˆ2sˆ
12M2Ω
Vxθ
[
(gs + ga)
4CR + (gs − ga)4CL
]
+ASF
]
SFr
βˆ
16piM2Ω
[
FxθG
2
s−pCs +ASFr
]
SV
sˆβˆ3Fxθ
96piM4Ω
Vxθ
[
g2l Cl + g
2
rCr
]
g2χ
FS
sˆβˆFxθ
16piM4Ω
Gs+pCs
[
g2χsβˆ
2 + g2χp
]
FV
βˆFxθ
48piM4Ω
Vxθ
[
Gl+rsˆβˆ
2 + 3 (gl + gr)
2M2χ
] [
g2l Cl + g
2
rCr
]
FVr
sˆβˆ3Fxθ
48piM4Ω
Vxθ (gl − gr)2
[
g2l Cl + g
2
rCr
]
FtS
Fxθβˆ
48piM4Ω
G2s+p
[
Vxθ(sˆ−M2χ) +AFtS
]
FtSr
βˆFxθ
192piM4Ω
G2s+p
[
3(sˆ− 2M2χ)CP + Vxθ2(sˆ− 4M2χ)CV
]
FtV
βˆFxθ
48piM4Ω
[
6G2lrCs(sˆ− 2M2χ) + (sˆ−M2χ)Vxθ(g4l CL + g4rCR)
]
FtVr
βˆFxθ
48piM4Ω
[
12G2lrCs(sˆ− 2M2χ) + (sˆ− 4M2χ)Vxθ(g4l CL + g4rCR)
]
VS
βˆFxθ
128piM4χM
4
Ω
Gs+pg
2
χCs(12M
4
χ − 4M2χsˆ+ sˆ2)
VF
βˆFxθ
3840piM4χM
2
Ω
[ 1
M2Ω
(
g4l Cl + g
4
rCr
)
(40M6χ − 22M4χsˆ+ 56M2χsˆ2 + 3sˆ3)+
40G2lrCs(7M
4
χ − 2M2χsˆ+ sˆ2) +AV F
]
VFr
βˆFxθ
3840piM4χM
2
Ω
[ 1
M2Ω
(
g4l Cl + g
4
rCr
)
(320M6χ − 1044sˆ+ 32M2χsˆ2 + sˆ3)+
60G2lrCs(12M
4
χ − 4M2χsˆ+ sˆ2) +AV Fr
]
VV
sˆβˆ3FxθVxθ
384piM4χM
4
Ω
[
g2l Cl + g
2
rCr
]
g2χ(M
4
χ + 20M
2
χsˆ+ sˆ
2)
Table 5.1: Analytical differential cross sections for the process e+e− → χχγ in the various effective
models. Parts in bold do not appear in the Weizsaecker–Williams approach and are given in appendix
B.2. Cross sections for SSr FSr and VSr are twice as large as in the complex case, SV and VV vanish
completely for real particles.
.
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Figure 5.2: Comparision of tree level photon energy distributions in the WW–approximation and the
analytical solution for Mχ = 50 GeV, | cos θ|max = 0.98 and
√
s = 1 TeV. (a) FtS, (b) VF
cannot be taken into account by the factorisation procedure.
Since limx→0 Vxθ = 1 and limx→0(Ai) = 0, the WW approximation is in agreement with
our full result for small energies, as predicted by the general derivation. In figure 5.2 we
compare the respective photon energy distributions for two example models in both cases.
The curves behave quite congruently with differences visible in the high energy sector. Since
most of the signal events lie in the low energy region, using the approximation still gives
accurate results for counting experiments. Shape dependent analyses would have to use the
full analytical result to find the correct behaviour at the high energy threshold. Our further
analysis is performed using the full analytical cross section.
In the general representation given in table 5.1, coupling constants appear with different
polarisation dependent terms. For most of the benchmark models chosen in table 3.2, the final
cross section depends only on one factor Ci. To determine the polarisation for the best signal
to background ratio, we can do a combined analysis of all models with the same Ci, since they
receive the same enhancement factor for equal polarisation settings. We therefore classify our
models as follows:
scalar like : σpol = CSσunpol, (5.23)
vector like : σpol = CV σunpol (5.24)
right like : σpol = CRσunpol, (5.25)
left like : σpol = CLσunpol. (5.26)
Models with t–channel mediators usually have multiple terms with different polarisation be-
haviour and do not fall into one of the three basic polarisation classes given in (5.23). Models
with fermionic mediators are classified according to their leading term, which is always scalar
like. All other models have both scalar like and vector like parts of roughly the same size.
We analyse them in a vector like scenario, since they naturally lead to a stronger background
suppression, as will be shown in the following chapter.
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Dark Matter Search at the ILC
Now that we know the analytical form of the photon energy distributions, we can continue
with the analysis of the expected exclusion limits the ILC can set. In Section 6.1 we briefly
summarise the history of collider searches for dark matter and their current state. We follow
with a short introduction to the International Linear Collider and its expected advantages with
respect to previous colliders in section 6.2.
Our simulation analysis is structured as follows: In section 6.3 we look at the dominant
Standard Model background contributions to single photon final states. We show in section
6.4 how we generate events and take into account beam and detector resolution effects. Our
intention is to evaluate the total number of background events NB and the total error ∆NB on
that number. Under the assumption that we measure no signal events, we can exclude coup-
lings that lead to a larger number of signal events NS than the total background uncertainty.
On top of statistical fluctuations, sources of systematic errors are of great importance for this
estimate. They are discussed in section 6.5 with their final impact on the result given in sec-
tion 6.6. There we also discuss the optimum polarisation setting for the incoming leptons to
maximise the exclusion power. After a short discussion about changes within this analysis for
an increased center of mass energy of 1 TeV in section 6.7, we close with our results in section
6.8.
6.1 Previous Collider Searches for WIMPs
Analyses looking for dark matter through final state photons were performed first in an ILC
scenario by using a model independent approach [21]: The total WIMP production cross sec-
tion can be thermally related to the annihilation cross section, which itself is estimated from
the dark matter relic density (see section 2.3). The WW approximation (5.16) can then be ap-
plied to estimate the kinematics of an additional final state photon. The total cross sections
for signal and neutrino background are determined and used to derive statements on the dis-
covery potential of the ILC. A more elaborative consideration including Bhabha–background
and resolution effects of both beam and the ILD detector was performed in [29, 68–70]. We
make use of these results concerning the detector effects, but with analytical effective models
instead.
First collider studies with effective operators for WIMP–Standard Model interactions looked
at the Large Hadron Collider (LHC) and Tevatron sensitivities with jets instead of photons in
the final state [71]. Looking for jets is advantageous because of the hadronic initial state at these
colliders. Further studies in the hadronic collider sector have been performed by searching for
monojets, monophotons and monoleptons in the final state [20, 35, 36, 72–75]. Different studies
assume different effective interaction modes to set exclusion limits on the coupling strength
of these models. Similar studies at LEP with monophotons have also been performed [34].
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Figure 6.1: Schematic Layout of the International Linear Collider [30]
Results from collider studies are complementary to exclusion limits set from various direct or
indirect detection measurements [19, 22–24, 26, 27]. This work will be the first to analyse the
exclusion potential of the ILC with respect to a large list of different effective operators beyond
the analytical level under the consideration of the most important background– and detector
effects.
6.2 The International Linear Collider
The International Linear Collider (ILC, [30–33]) is a proposed electron–positron–collider that
is planned to operate at center of mass energies up to 500 GeV with a potential later upgrade to
1 TeV. This will be a significant improvement upon its lepton collider predeccessors, the SLAC
Linear Collider (SLC, [76]) with 182 GeV and the Large Electron Positron Collider (LEP, [77])
with 200 GeV, leading to a much higher mass sensitivity. An additional promising feature
is the possibility to polarise the incoming leptons, which can greatly improve the signal to
background ratio for helicity–dependent processes.
A schematic layout according to the current Reference Design report [30] is shown in figure
6.1. After leaving their individual sources, electron– and positron–bunches are squeezed by
using two 7 km circumference damping rings. They are designed to produce beams with a
high particle density for maximum interaction during the collision process. After compacti-
fication, the velocity of the bunches is then increased by two linear accelerators (linacs) with
a respective length of 12 km to a total center of mass energy of 500 GeV. After a potential
second phase upgrade uncluding an additional 10 km per beam, the total energy could reach
its designed maximum of 1 TeV.
At the collision center, about 14 000 interactions per second are expected with a peak lu-
minosity of 2× 1034 cm−2 s−1 or equivalently 2× 10−5 fb−1 s−1. With an estimated running time
of nine months per year and considering commissioning and ramp up time, it is expected to
reach an integrated luminosity of 500 fb−1 within four years.
The collisions are recorded by two independent detectors, the International Large Detector
(ILD, [78]) and the Silicon Detector (SiD, [79]), with different technologies to balance out indi-
vidual advantages and disadvantages. They will most probably perform measurements one
at a time with a push–pull detector arrangement [32].
The currently running LHC will hopefully give first indications on new physics beyond the
Standard Model. However, due to hadronic collisions with theoretical uncertainties in both the
parton distribution functions of the initial state and the associated multiple parton interactions
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Figure 6.2: Example Feynman diagrams for radiative neutrino production as a Standard Model mono-
photon background. The first two diagrams have a second diagram of the same form but with the
photon coupling to the positron instead.
of the final state will weaken the significance of the final results. The ILC is being constructed
as a high precision tool to accurately measure the masses and couplings of any new particles
that may be detected at the terascale, with particular hope to find Supersymmetry, Large Extra
Dimensions and/or dark matter [31].
6.3 Standard Model Background for Monophotons
We consider the two dominant Standard Model background contributions after selection cuts
have been performed, determined with a full ILD simulation [28, 29].1
• Neutrinos from e+e−→ ννγ(γ) form a polarisation dependent background and example
diagrams are shown in figure 6.2. The leading contribution is given by t–channel W–
exchange, which couples only to left–chiral leptons. Additional smaller contributions
come from s–channel Z–diagrams with both left– and right–chiral couplings. We also
consider the case of one additional undetected photon, which contributes with a total
event number of about 10 % compared to the single photon process.
• Bhabha scattering of leptons with an additional hard photon, e+e−→ e+e−γ, has a large
cross section but a small selection efficiency, since both final state leptons must be un-
detected or misidentified. It gives a final background contribution with the same order
of magnitude as the neutrino background (after application of all selection criteria). It is
mostly polarisation independent.
Other reducible background final states, like γγ + n · γ, contribute with less than 1 % to the
number of events compared to the neutrino background and are therefore omitted.
6.4 Data Modelling
To avoid the use of a full detector simulation, we build on the results presented in [28, 29]. For
the signal and monophoton neutrino background, we generate the events with identical phase
space settings, apply the ILD estimates for the energy resolution as well as the reconstruction
1 All numbers here and in the following paragraphs refer to the nominal center of mass energy of 500 GeV [32].
Changes due to an increased energy to 1 TeV are considered later in section 6.7.
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Figure 6.3: Photon energy distribution before and after the application of beam effects (ISR + Beam-
strahlung) and detector effects (resolution + efficiency) for (a) unpolarised neutrino background and
(b) unpolarised FS scalar signal with Mχ = 150 GeV. Distributions are normalised to 1× 106 tree level
events.
and selection efficiencies2 and compare the final energy distributions. For the diphoton neut-
rino and Bhabha background, we model the final distributions directly from the given results.
Signal Generation: For the generation of signal and monophoton neutrino events we use
CalcHEP [80]. This is a tool to generate event files evaluated from a model with given particle
content and vertex structures. It is also able to calculate polarised cross sections which is re-
quired for this study. We produce signal events for all benchmark scenarios with dark matter
masses ranging from 1 GeV to 240 GeV. To avoid collinear and infrared divergencies in the
cross section for x, θ → 0 (see table 5.1), we limit phase space in the event generation to
Eγ ∈ [8 GeV, 250 GeV] and cos θγ ∈ [−0.995, 0.995]. Initial State Radiation (ISR) and beam-
strahlung significantly lowers the position of the neutrino Z0–resonance into the signal region
(see next paragraph) and is taken into account; we set the accessible parameters in CalcHEP
according to the ILD Letter of Intent [78] to 645.7 nm for the bunch size, 0.3 mm for the bunch
length and a total number of particles per bunch of 2 · 1010.
Detector Effects The finite resolution of the detector components and the use of selection
criteria to reduce beam–induced background are taken into account by applying the following
steps to both signal and background data: We smear the photon energy, given in GeV, ac-
cording to a Gaussian distribution by taking into account the estimated resolution of the ILD
detector components given in [78]:
∆E
E
=
16.6 %√
E
⊕ 1.1 %. (6.1)
2 From here on, the expression “efficiency” abbreviates “reconstruction and selection efficiencies”.
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Figure 6.4: Energy distribution of the most dominant background contributions after selection. Back-
ground histograms are stacked and compared to an example signal spectrum (FS scalar model with
Mχ = 150 GeV) with a tree level cross section of 100 fb.
The neutrino background is partially produced through an s–channel Z0–exchange, which can
be produced on resonance due to the large center of mass energy. This will produce a peak in
the photon energy spectrum at (
√
s−M2Z/
√
s)/2 = 242 GeV, which is smeared out due to the
intrinsic width of the Z0 as well as the beam energy spread and the finite detector resolution, as
can be seen in figure 6.3a. Therefore, we further reduce the phase space to keep the background
contribution from that resonance as small as possible:
E ∈ [10 GeV, 220 GeV] , (6.2)
cos θ ∈ [−0.98, 0.98] . (6.3)
The additional angular restriction ensures a good photon reconstruction within the detector.
In general, not all photons will be registred due to wrong tagging in the detector or misid-
entification during the reconstruction process. We succesively apply a random elimination
of signal and background event records to simulate the following two independent efficiency
factors:
1 = 97.22 %− (E in GeV) · 0.1336 %, (6.4)
2 = 96.8 %. (6.5)
Simulation of Reducible Backgrounds Diphoton neutrino and Bhabha processes can mimic
monophoton signatures if additonal final state particles escape through the beam pipe or are
not properly reconstructed. A full detector simulation is needed to evaluate the impact of the
detector geometry and reconstruction algorithms on the total number of background events,
which has been performed in [28]. We estimate the diphoton background by using the mono-
photon data rescaled by the corresponding global factor determined in the detector simulation.
The Bhabha background is found similarly by linearly deforming the monophoton neutrino
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P−/P+ ννγ ννγγ e+e−
0/0 2257 (2240) 226 (228) 1218 (1229)
+0.8/− 0.3 493 (438) 49 (43) 1218 (1204)
−0.8/+ 0.3 5104 (5116) 510 (523) 1218 (1227)
Table 6.1: Simulated and modelled number of events of the different background sources after applica-
tion of all selection criteria. We show the numbers we determined for an integrated luminosity of 1 fb−1
in different polarisation settings, followed by numbers in parentheses, which are taken from [28] and
that show the numbers obtained when performing a proper detector simulation.
distribution such that the shape and the total number of events match. Table 6.1 gives the total
number of events, after application of all the previously described effects, for 1 fb−1 integrated
luminosity in different polarisation settings. We compare these results to those given by the
full detector simulation and see that they agree. Note that due to our discussion of the Bhabha
background in section 6.3, we assume no polarisation dependence and therefore use a constant
value for different settings of P±.
The relative size of all different background contributions after reconstruction and selection
can be seen in figure 6.4, compared to an example signal with 100 fb total cross section. Note
that the full simulation [28] encountered large statistical uncertainties in the simulation of
the Bhabha background for large energies with only a small number of events, which makes it
difficult to properly estimate the shape of the energy distribution in that region. This is why we
do not perform a shape dependent analysis here. One would need more reliable information
about the the energy dependence of all dominant background sources in order to analyse the
ILC sensitivity to separate them from a possible signal.
6.5 Systematic Uncertainties
Systematic errors play an important role in determining the uncertainty in the number of back-
ground events ∆NB and for estimating exclusion bounds on the effective couplings. There are
two dominant contributions, motivated in [28].
In general, the efficiency given in (6.4) will be determined at the real experiment by measur-
ing the Z0–resonance peak, which is theoretically known to a very good accurracy. Systematic
uncertainties on that value are given by the finite statistics of this measurement and further
broadening of the peak by unknown beam effects. These errors can be extrapolated down to
the dark matter signal region at small photon energies and, since the same efficiency factor is
used for signal and background, is highly correlated between the two. This global uncertainty
will therefore approximately cancel in the determination of the maximum coupling Geff .
However, cancellation will not take place for model–dependent effects. This is because the
signal energy distribution depends on the unknown mass of the dark matter particle and the
underlying interaction model. Therefore the correct function (E) for the signal will be differ-
ent from the neutrino background efficiency given in (6.4). Since we do not know the model
a priori, we use the same value for both and therefore introduce an error on the determina-
tion of NS. Compared to [28], we use a conservatively overestimated value for the efficiency
uncertainty of ∆ = 2 %.
Since the neutrino spectrum depends on the leptons’ polarisation P±, any fluctuation ∆P
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P−/P+ NB ∆stat50 ∆˜
stat
500 ∆
sys
P ∆
sys
P˜
∆tot50P ∆
tot
50P˜
∆˜tot500P ∆˜
tot
500P˜
0/0 184 998 430 136 0 0 430 430 136 136
+0.8/+0.3 97 568 312 99 312 125 441 336 327 159
+0.8/+0.6 102 365 320 101 385 154 500 355 398 184
+0.8/−0.3 87 974 297 94 169 68 341 304 193 116
+0.8/−0.6 83 177 288 91 104 42 307 291 138 100
−0.8/+0.3 341 597 584 185 351 140 682 601 396 232
−0.8/+0.6 404 970 637 201 501 200 811 668 546 284
−0.8/−0.3 212 851 461 156 233 93 517 471 275 173
−0.8/−0.6 148 478 385 122 337 135 512 408 359 182
Table 6.2: Total number of background events (NB) with statistical error ∆stat, the systematical error ∆sys
coming from the polarisation uncertainty and the total error combinations ∆tot. The subscripts 50 and
500 denote the integrated luminosity in inverse femtobarn. In case of a ten times larger luminosity, one
will get ten times as many events in all channels; to better compare to the error of the low luminosity
case, we show ∆˜ ≡ ∆/10. The polarisation uncertainties are set to 0.25 % (P ) and 0.1 % (P˜ ).
within those parameters will give additional systematic uncertainties in the number of expec-
ted background events. One can not use the information from measuring the Z0–resonance in
this case to infer information in the low energy signal range because of the polarisation de-
pendence of the shape itself [28]. Given the assumed accuracy of at least ∆P/P = 0.25 % [32]
with a possible improvement to 0.1 % at the ILC [81], we can derive the corresponding error on
the polarised number of background events. As an example, for “left–like” background (see
(5.26)):
Npol = (1 + P
+)(1− P−)Nunpol, (6.6)
the corresponding error is given as
∆Npol =
√
[P−(1 + P+)]2 + [P+(1− P−)]2 ∆P
P
Nunpol. (6.7)
From the numbers in table 6.1, we assume an identical polarisation dependence for ννγ and
ννγγ events and no dependence for the Bhabha background.
6.6 Optimum Polarisation Settings
Polarisation can be used to significantly increase the number of signal events NS according
to (5.23) but also increases the systematical contribution to ∆NB with respect to (6.7). We are
interested in the setting for each individual model that leads to the largest NS/∆NB ratio,
giving the strictest bounds on Geff.
We start with the impact on the background uncertainty: In table 6.2 we give the total num-
ber of background events in different polarisation settings P− =±0.8, P+ =±0.3/±0.6 that are
feasible at the ILC [32]. We give the statistical fluctuation for integrated luminosities of both
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IA type P−/P+ NS r50P r50P˜ r500P r500P˜
Scalar +0.8/+0.3 620 1.41 1.85 1.90 3.90
+0.8/+0.6 740 1.48 2.08 1.86 4.02
Vector +0.8/−0.3 620 1.82 2.04 3.21 5.34
+0.8/−0.6 740 2.41 2.54 5.36 7.40
Left −0.8/+0.3 1170 1.72 1.95 2.95 5.04
−0.8/+0.6 1440 1.78 2.16 2.64 5.07
Right +0.8/−0.3 1170 3.43 3.85 6.06 10.09
+0.8/−0.6 1440 4.69 4.95 10.43 14.40
Table 6.3: Determination of the best ratio r ≡ NS/∆NB with ∆NB given by the different total errors
determined in table 6.2. NS describes the number of polarised signal events for the different classes
described in section 5.4 with a common reference value of 500 events for an integrated luminosity of
50 fb−1. We only give the results for the polarisation signs, which lead to the best ratios. We mark the
numbers which lead to the best signal to background ratio in bold.
50 fb−1 and 500 fb−1. Since the latter will give ten times as many events in all channels, we re-
duce the listed statistical error accordingly to give a value comparable to the small luminosity
case. We also give the polarisation uncertainty (6.7) for both estimates of the polarisation error
∆P/P = 0.25 % and 0.1 %. Finally we give the total errors after adding all combinations of
individual errors in quadrature.
On the signal side, we look at the different classes derived in section 5.4 with respect to their
polarisation dependence. For comparison, we use a common reference value of 500 events
in the unpolarised case for an integrated luminosity of 50 fb−1 and derive the corresponding
number of events for polarised input and potentially larger luminosity. Using the numbers in
table 6.2, we look at the ratio NS/∆NB that has to be maximised in order to get the strongest
bound on the coupling. The results are shown in table 6.3, where we give values only for
polarisation signs with the largest numbers for that ratio. In each combination we mark the
positron polarisation that leads to the largest value for the ratio.
In the majority of cases, larger polarisation of the incoming leptons enhances the result. For
high statistics and taking the conservative value for the polarisation error, the systematic un-
certainty associated with increased polarisation may be larger than the gain in the number of
signal events, though. In those cases, which appear only in scalar– and left–coupling models,
less polarised beams may lead to better results. In regard to this analysis it is therefore clearly
beneficial for the real ILC to have a systematical uncertainty on the polarisation as small as
possible, in particular for large P+.
6.7 Increasing
√
s to 1 TeV
We also consider the possibility of a doubled center of mass energy, which is currently dis-
cussed as a potential ILC upgrade. This changes the previous analysis as follows:
• We generate events in a larger photon energy range Eγ ∈ [8 GeV, 500 GeV] and reduce it
to the interval [10 GeV, 450 GeV] after performing the energy resolution smearing ∆E/E.
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This again reduces background events from the Z0–resonance, which now is positioned
at 496 GeV.
• Dark matter signal processes can now be produced with masses up to 490 GeV.
• We generate new monophoton neutrino events with the increased center of mass energy
and model the diphoton neutrino events with the same conversion factor as in the low
energy case.
• We use our previously modelled distribution for the Bhabha background and rescale it
by a factor of 1/4, taking into account that the full cross section for this QED–driven
process falls with 1/s.
• We use, as a rough approximation, the same ISR– and Beamstrahlung parameters in
CalcHEP, efficiency factors and systematic error estimates.
Tables 6.4-6.6 summarise again the number of background events per background scen-
ario, the individual error sources and the determination of the best polarisation setting for
the increased center of mass energy. In contrast to the Bhabha cross section that falls almost
completely according to σ ∝ 1/s, the neutrino background gets a significant contribution from
t–channel Ws which give s/m2W –terms in the evaluation of the total cross section
3. The left–
handed neutrino contribution therefore gets enhanced whereas the Bhabha background be-
comes less dominant in some polarisation channels. This leads to a larger relative polarisation
error and therefore a larger impact on the size of the background fluctuation. Consequently,
vector– and right–coupling models receive stronger signal to background enhancement for po-
larised input than in the
√
s = 500 GeV case, whereas the other models suffer from the larger
impact of systematics on the total error and prefer a weaker polarisation.
6.8 Results
In order to understand the sensitivity of the ILC to our various WIMP models, we perform a
counting experiment. We determine the total number of background events along with the
statistical and systematic fluctuation ∆NB and exclude coupling constants which would lead
to a larger number of signal events than 1.64 ∆NB. This corresponds to the 90 % confidence
interval of the background–only assumption and is calculated with a Rolke test [82, 83]. We
3 These terms behave still regular for large s, since they in fact have a nontrivial logarithmic dependence on mW
and s. This may lead to a locally increased cross section if
√
s is doubled, but converges to 0 for
√
s→∞.
P−/P+ ννγ ννγγ e+e−
0/0 2677 268 304
+0.8/−0.3 421 42 304
−0.8/+0.3 6217 622 304
Table 6.4: Simulated and modelled number of events in the different background sources after applica-
tion of all selection criteria for
√
s = 1 TeV. The numbers are calculated for an integrated luminosity of
1 /fb in different polarisation settings.
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P−/P+ NB ∆stat50 ∆˜
stat
500 ∆
sys
P ∆
sys
P˜
∆tot50P ∆
tot
50P˜
∆˜tot500P ∆˜
tot
500P˜
0/0 162 437 403 127 0 0 403 403 127 127
+0.8/+0.3 54 649 234 74 380 152 446 279 387 169
+0.8/+0.6 62 791 251 79 469 188 531 314 476 203
+0.8/−0.3 38 365 196 62 201 82 281 212 210 102
+0.8/−0.6 30 223 174 55 125 50 214 181 137 74
−0.8/+0.3 357 173 598 189 428 171 735 622 468 255
−0.8/+0.6 435 979 660 209 612 245 900 704 647 322
−0.8/−0.3 199 561 447 141 284 114 530 461 317 181
−0.8/−0.6 120 755 348 110 411 165 538 385 425 198
Table 6.5: Total number of background events (NB) and different error sources (see table 6.2) for
√
s =
1 TeV.
Model P−/P+ NS r50P r50P˜ r500P r500P˜
Scalar +0.8/+0.3 620 1.39 2.22 1.60 3.7
+0.8/+0.6 740 1.39 2.36 1.55 3.65
Vector +0.8/−0.3 620 2.21 2.92 2.95 6.08
+0.8/−0.6 740 3.46 4.09 5.40 10.00
Left −0.8/+0.3 1170 1.59 1.88 2.50 4.59
−0.8/+0.6 1440 1.60 2.05 2.23 4.47
Right −0.8/−0.3 1170 4.16 5.52 5.57 11.47
−0.8/−0.6 1440 6.73 7.96 10.51 19.46
Table 6.6: Determination of the best ratio r ≡ ∆NB/NS (see table 6.3) for
√
s = 1 TeV.
only give results for an integrated luminosity of 500 /fb and the systematic polarisation error
set to ∆P/P = 0.1 %. For each benchmark model we choose the polarisation setting that leads
to the best signal to background ratio for the corresponding polarisation behaviour according
to tables 6.3 and 6.6. Results for different parameters can be found by rescaling the coupling
according to G′ = G
√
r′/r where r denotes the signal to background uncertainty ratio given
in tables 6.3 and 6.6.
In figures 6.5 and 6.6 we show the derived bounds on the coupling constants for ILC center
of mass energies of 500 GeV and 1 TeV. We mark the region that either violates the tree level
approach with a too large dimensionless coupling constant g2 > 4pi or by having a too small
mediator mass MΩ ≤
√
s for the effective approach to be valid. Note that the leading order
in models with fermionic mediators has a different mass dimension and therefore leads to a
different definition for the effective coupling constant Geff. Also, models with dimensionful
fundamental couplings gχ (SS and VS) do not have a simple perturbative 4pi bound. A proper
unitarity and perturbativity analysis has to be performed in order to get correct bounds on
Geff in those cases, which is beyond the scope of this work.
If a model has no separate pseudoscalar or axialvector result, it is identical to the corres-
50
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ponding scalar/ vector line due to identical cross section formulae. For masses far from the
threshold, the ILC is able to exclude coupling constants up to order 1× 10−7 GeV−2 or
1× 10−4 GeV−1, depending on the mass dimension. This corresponds to a signal cross section
of about 0.3 fb.
Significant exceptions arise for models with vector dark matter: These tend to have very
strong exclusion limits for small dark matter masses. This is caused by the 1/M4χ dependence
in the photon cross section, which leads to divergences for very small vector boson masses.
It has been shown that only spontaneously broken gauge theories can lead to models with
massive vector particles that are not divergent [84]. Therefore our initial fundamental model
cannot be the full theory for all energies. Our effective approach restricts the energy to a max-
imum and in that case one can still find perturbatively valid results for mass ranges that do
not violate unitary bounds. However, the perturbatively allowed mass range is difficult to
evaluate, since such an analysis needs more information about the size of the individual coup-
lings and the relation between the mass of the mediator and the dark matter mass itself. Here,
a more detailled fundamental theory is needed to evaluate the breakdown of perturbation
theory in this scenario. We therefore conclude that even though astrophysical analyses with
simple vector dark matter models give reasonable results (see chapter 4, [24],. . .), one has to
be careful in interpreting these models for all mass ranges in collider studies.
At last we note that for models with fermionic operators the subleading order again has a
negligible effect, as can be seen from the nearly identical lines for the low and high scenario.
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Figure 6.5: 90 % exclusion limits on all effective couplings accessible at the ILC with
√
s = 500 GeV.
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Figure 6.6: 90 % exclusion limits on all effective couplings accessible at the ILC with
√
s = 1 TeV.
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Limits on Direct Dark Matter Detection
The final step of the analysis of our WIMP interaction models is to compare the expected ILC
bounds on the effective coupling to the current direct detection limits on cross sections for
dark matter–proton scattering σP . We use results from the XENON experiment [9], which
currently gives the strongest exclusion limits for dark matter masses above 10 GeV. In section
7.1 we briefly summarise the main physics behind the XENON project and how the current
bounds on elastic proton scattering are established. We then describe in section 7.2 how we
can translate our ILC and WMAP limits on Geff into upper bounds on σP in order to compare
the excluded areas for all three experiments in section 7.4.
7.1 Direct Detection with XENON
The XENON Dark Matter Project aims to find WIMPs that are present in the vicinity of our
Earth by looking for elastic scattering with an atom inside a tank of liquid xenon. The exper-
iment is located at the Gran Sasso underground laboratory with a water equivalent depth at
3100 m to reduce background from cosmic radiation. The project started in 2007 with its first
phase, using 15 kg of liquid xenon and registering events for 58.6 days [86]. Currently phase
2 is running with 161 kg and the most recent results given for 225 days of data taking [87].
The collaboration is already designing the final phase 3 experiment, increasing the total xenon
mass to around 1000 kg [88].
Whenever a dark matter particle happens to interact with one of the atoms inside the tank,
excitation light will be emitted and measured by photo tubes, thus obtaining information
about the recoil energy ER of the scattered nucleus. Let R be the event rate per unit mass
of the detector. The differential rate with respect to ER can be expressed as
dR
dER
∣∣∣∣
observed
= R0S(ER)F
2(ER)I, (7.1)
where R0 is the total event rate. S(ER) denotes the spectral function, which takes into ac-
count energy shifts like Doppler effects due to the earth’s movement, detection efficiencies
and resolution effects. F (ER) denotes form factor corrections due to the intrinsic structure of
the nucleus, which is extracted from the interaction cross section
σ ≡ σ0
4µ2v2
∫
dq2F 2(q) (7.2)
with σ0 denoting the cross section at zero momentum transfer. Here,
µ ≡MχMN/(Mχ +MN ) (7.3)
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Figure 7.1: Schematic picture of the XENON experiment [85].
denotes the reduced mass of the WIMP–nucleus system. I describes an energy independent in-
teraction function taking into account general modifying factors like coherent enhancements.
Analytical estimates for those functions are given in [89].
Due to the non-observation of a significant number of signal events, XENON is able to set
upper bounds on σ0. In general these bounds are given for two classes of interactions: Firstly
for the case of spin–independent scattering, the dark matter particle can interact with all nuc-
leons inside the xenon–atom, which enhances the individual nucleon cross section by a factor
of A2 ≈ 3× 103. Since nucleon spins tend to anti–align inside the nucleus when occupying
the lowermost energy state, this enhancement does not occur in the case of spin–dependent
interactions.
7.2 Proton Scattering via a Tree–Level Interaction with Quarks
XENON gives exclusion bounds on the dark matter–proton cross sections, but starting from
a fundamental interaction theory, one usually only knows the interaction Lagrangian of dark
matter with quarks. To compare with experiment, one has to translate this information into
matrix elements for dark matter proton interaction by using nuclear form factors. We will now
show a method to do this for a large class of interactions which has been discussed in [19] for
a small subset of the models we consider here.
Rewriting the Matrix Element
We start with a general four–particle–interaction of the type Gq q¯Γqχ¯Γχ between the dark mat-
ter particles χ and the quark fields q. For now, the operator Γ is completely general and may
even by different in the quark and the dark matter bilinear. We also allow a coupling constant
Gq that may be different for each quark type, for example as it would be in a Yukawa–like
scenario. The matrix element is then given by the transition amplitude from incoming to out-
going states. In our case this is an incoming dark matter particle χ with 4–momentum p, a
proton P at rest with 4–momentum k and the respective outgoing particles with 4–momenta
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p′ and k′:
iM (p+ k → p′ + k′) (2pi)4 δ4 (p+ k − p′ − k′) = 〈χ(p′)P (k′) | iT | χ(p)P (k)〉. (7.4)
To leading order the T–matrix elements are obtained from the interaction Lagrangian. Since
our operator is already factorised into a quark and a dark matter bilinear, we can separate the
quark transition from the quark–nucleon matrix element:
〈χ(p′)P (k′) | T | χ(p)P (k)〉 =
∫
d4x
∑
q
Gq 〈χ(p′) | χ¯(x)Γχ(x) | χ(p)〉〈P (k′) | q¯(x)Γq(x) | P (k)〉.
We use the translation operator, generated by the momentum operator Pˆ , to shift the fields to
the interaction point x = 0.
〈χ(p′) | χ¯(x)Γχ(x) | χ(p)〉 = 〈χ(p′) | eiPˆ xχ¯(0)e−iPˆ xΓeiPˆ xχ(0)e−iPˆ x | χ(p)〉 (7.5)
= ei(p
′−p)x〈χ(p′) | χ¯(0)Γχ(0) | χ(p)〉. (7.6)
We do the same for the proton matrix element. Due to the small velocity of the free dark matter
particles, the momentum transfer during the scattering process will be small compared to the
masses of the dark matter particle and the nucleus. It is therefore reasonable to consider all
incoming and outgoing particles to be at rest:
〈P (k′) | q¯(x)Γq(x) | P (k)〉 = ei(k′−k)x〈P (0) | q¯(0)Γq(0) | P (0)〉. (7.7)
Putting the pieces together and performing the space integral
∫
d4x eipx = (2pi)4δ4(p), we
receive the following approximate formula for the matrix element:
M≈
∑
q
Gq 〈χ | χ¯Γχ | χ〉〈P | q¯Γq | P 〉. (7.8)
Non–Relativistic Dark Matter
We first want to evaluate the matrix elements for non–relativistic dark matter in case of differ-
ent operators Γ. In case of a scalar WIMP, external fields trivially give 1 and momenta can be
approximated as pµ = Mχδ
µ
0 . This leads to the following matrix elements:〈
χ| χ†χ |χ
〉
= 1, (7.9)
i
〈
χ| χ†∂µχ |χ
〉
= Mχδ
0
µ, (7.10)
i
〈
χ| χ∂µχ† |χ
〉
= −Mχδ0µ. (7.11)
For fermion dark matter, external fields give the free spinor functions u(p) (see appendix A.2).
In the non–relativistic case we can use their explicit representation to calculate the bilinears as
follows: 〈
χs
′
∣∣∣ χ¯χ ∣∣∣χs〉 = u¯s′(0)us(0) = 2Mχδss′ , (7.12)
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〈
χs
′
∣∣∣ χ¯γ5χ ∣∣∣χs〉 = 0, (7.13)〈
χs
′
∣∣∣ χ¯γµχ ∣∣∣χs〉 = 2Mχδss′δµ0 , (7.14)〈
χs
′
∣∣∣ χ¯γµγ5χ ∣∣∣χs〉 = 2Mχδµi ξ†s′σiξs, (7.15)〈
χs
′
∣∣∣ χ¯σµνχ ∣∣∣χs〉 = 2Mχδµi δνj ijkξ†s′σkξs. (7.16)
The σµν term may appear in t–channel interactions which can be reformulated into a sum
of s–channel operators by using Fierz’ identities. However, this sum of operators will always
include either an additional scalar or vector interaction which both are spin–independent. As
we argued in the last paragraph, spin independent interactions are always enhanced by mul-
tiple orders of magnitude, such that spin–dependent contributions can always be neglected
as soon as they appear in a sum with spin–independent interactions. This is why we do not
discuss tensor interactions any further from here on.
In the final step we want to evaluate matrix elements for vector dark matter, for which we
need the corresponding polarisation vectors sµ(k) for the external fields. These are defined by
the following properties:
sµ(k)
s′µ(k) = −δss′ , kµsµ(k) = 0. (7.17)
For a massive particle at rest, we have kµ = (M, 0, 0, 0) such that we can easily give three
vectors that fulfil (7.17):
1µ =

0
−1
0
0
 , 2µ =

0
0
−1
0
 , 3µ =

0
0
0
−1
 . (7.18)
In short form we may write sµ = gµs, which allows us to write matrix elements for vector
particles as 〈
χi
∣∣∣ χ†µχν ∣∣∣χj〉 = iµjν = gµigνj (7.19)
plus cases with additional derivatives ∂ρ = Mχδ0ρ.
Quark–Nucleon Form Factors
We now continue with the evaluation of the low energy quark–proton matrix elements
〈P | q¯Γq | P 〉. These can approximately be evaluated through lattice calculations, effective nuc-
lear theories and nucleon scattering experiments. We will need results for Γ ∈ [1, γ5, γµ, γ5γµ]
to give matrix elements for all benchmark models defined in table 3.2. We use the stand-
ard normalisation for external fields in non–relativistic field–theories 〈P |P 〉 ≡ 2MP 〈P˜ |P˜ 〉 and
give the matrix elements in terms of the new states |P˜ 〉. If not mentioned explicitly, spin in-
dices combine to δss
′
. Numerical values for the different form factors we use in this section
can be found in appendix A.3 and are taken from [90, 91].
The scalar quark current counts the number of valence– and sea–quark pairs inside the
proton. Up–, down– and strange–quarks contribute to that number directly, whereas other
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quark types contribute only virtually through a gluon loop with a numerically different form:
〈P˜ | q¯q | P˜ 〉 ≈
{
Mp
mq
fpq for u–, d– and s–quark
Mp
mq
2
27
(
1− fpu − fpd − fps
)
for c–, b– and t–quark
(7.20)
Axial quark currents always vanish in the non–relativistic limit [see (7.13)]:
〈P˜ | q¯γ5q | P˜ 〉 ≈ 0. (7.21)
The vector current only couples to the up and down quarks inside the proton. This is ana-
logous to the photon that mainly couples to the charge constituents of the nucleon, i.e. the
valence quarks.
〈P˜ | q¯γµq | P˜ 〉 ≈

2δµ0 for u–quark,
δµ0 for d–quark.
0 else
(7.22)
The axialvector current couples spin dependently [see (7.15)]. It therefore counts the spin–
contribution for all (valence and sea) quarks, which is only significantly large for up–, down–
and strange–quarks. This current is the only one that leads to spin–dependent interactions.
〈P˜ s′ | q¯γµγ5q | P˜ s〉 ≈ ∆Nq δµi ξ†s
′
σiξs. (7.23)
Elastic Cross Section
Knowing the matrix element, the total cross section for non–relativistic particles at zero mo-
mentum transfer is then given as follows:
σ0 =
1
4pi(MP +Mχ)2
1
2(2sχ + 1)
∑
spins
|Mif |2 . (7.24)
The sχ term averages the number of incoming spin configurations, which is 2 for the proton
and 2sχ + 1 for the dark matter particle of model–dependent spin. We give the final solutions
for all benchmark models in appendix B.3.
7.3 Proton Scattering via Loop Interactions with Leptons
If we forbid quark–couplings, as discussed in section 3.3, tree level scattering between dark
matter and the proton cannot occur. In some cases, an interaction with the proton is still pos-
sible by higher order loop diagrams including a virtual lepton pair that couples electromag-
netically according to figure 7.2 [92]. However, this interaction will only give significant cross
sections for a small subset of models: Axial vector currents will always give zero cross section
at loop order because they lead to traces with an odd number of γ5 matrices. Those either
vanish directly or give terms proportional to µνρσ that cannot contract with four independ-
ent Lorentz–vectors in an unpolarised 2 → 2 process and therefore will definitely give zero.
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Figure 7.2: Feynman–Diagram for lepton–only dark matter–proton interaction with the SV Vector
model as an example.
Models with scalar currents need at least two photons to give traces with an even number of
γµ–matrices, so they can only happen at two loop order and are therefore negligible.
Therefore, dark matter that couples to leptons only can only give significant proton–dark
matter cross sections if they include vector currents. To be exact, an s–channel vector coupling
ψ¯γµψ is sufficent, such that all t–channel interactions have to be taken into account as long as
their Fierz reformulation includes a vector part.
In all these cases, the matrix elements from the tree level calculation get a loop–correction
factor and change to1.
M≈ αem
9piq2
(
q2gµν − qµqν) ∑
l = e, µ, τ
Gl 〈χ | χ¯Γµχ | χ〉〈P | P¯ γνP | P 〉 × F (q2,ml), (7.25)
F (q2,ml) ≡ 1
q2
[
12m2l + 5q
2 − (12m2l + 6q2)βq arcothβq − 3q2 ln m2lΛ2
]
, (7.26)
where we defined βq ≡
√
1− 4m2l /q2. Λ gives the renormalisation scale and in a simple cutoff
regularisation scheme it is defined as the scale at which new physics appears. Within the
effective approach, this scale is given by the mass of the heavy mediator, which is why we
assume Λ to be 1 TeV. The actual value has only negligible impact on the result, as long as
it is set around the TeV scale. ml denotes the mass of the virtual lepton and q the exchanged
4–momentum. In this scattering process, q is always space–like (q2 < 0) such that βq is real and
the loop factor can be evaluated for all values of ml and q2. We follow the approximation in
[34] and conservatively assume a maximal scattering angle, leading to an angle–independent
approximation q2 ≈ −4µ2v2χ. The reduced WIMP nucleus mass µ is given by (7.3) and we
choose vχ to be the local escape velocity of about 500 km s−1 for a WIMP in a typical dark
matter halo.
Even though we have worked with q2 ≈ 0 up to now and neglected it at tree level, it is neces-
sary to include it within this calculation: The values for σ0 given by the XENON–collaboration
are experimentally evaluated from the form factor corrected cross section σ in (7.2) under the
assumption that the interaction itself is momentum–independent and couples to all nucleons
coherently. This was a reasonable approximation due to |q2|  Mχ,MN , but it does not work
for the new loop factor F (q2,ml), since m2l can be of the same order as |q2|. We have to manu-
ally cancel this new q—dependence in the XENON-data we use in order to compare like with
1 Note that there is a sign difference in [34]. We are confident in our result since it behaves regularly for q → 0
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like by rescaling their results as follows:
σ
XENON, Loop
p = σ
XENON
p
(∑
l f(q˜
2,ml)∑
l f(q
2,ml)
· A
Z
)2
, (7.27)
with a different scattering momentum q˜ ≡ q(µ = MχMP /(Mχ + MP )). The A/Z factor takes
into account that the measured total cross section only needs to be divided among the pro-
tons, not all nucleons. Our theoretical cross sections are now calculated by using protons as
the external particles and using the non–relativistic vector current (7.14) to evaluate the pro-
ton bilinear ψ¯γµψ. One also needs the non–relativistic time–component of the momentum ex-
change q0 ≈Mχ−Mχ = 0. Apart from the new loop factor, the calculation is analogous to the
tree level case, such that the cross sections look similar. We can conveniently relate the loop–
to the tree–results as follows: As argued before, only vector currents lead to non–vanishing
loop–level results. After examining the results of the tree level calculation (see appendix B.3),
one finds that due to (7.22), this current always lead to factors of either BP ≡ 2Gueff + Gdeff or
B˜P ≡ BpMχ + 2Gueffmu + Gdeffmd. This term has to be replaced now by the loop contribution
according to (7.25), whereas terms from other currents have to vanish. We can summarise this
prescription as follows:
σ
Loop
0 =
α2em
81pi2
·

[∑
l
GleffF (q
2,ml)
]2
σTree0
∣∣∣
BP=1,FP=DP=0
if σTree0 contains Bp,[∑
l
(ml +Mχ)G
l
effF (q
2,ml)
]2
σTree0
∣∣∣
B˜P=1,FP=DP=0
if σTree0 contains B˜p,
0 else.
(7.28)
7.4 Combined Analysis
The full list of combined maximum exclusion limits for dark matter–proton interaction at
WMAP, XENON and the ILC can be found in figures C.1-C.14 listed in the appendix. We will
give a subset of examples here to focus on particular properties.
In general, XENON gives an upper bound on the cross section under the assumption that
if the coupling was larger, one would see a signficiant excess. On the other hand, WMAP
limits σ0 from below by arguing that if the coupling was smaller, dark matter would be to
abundant and the universe would not be flat. So from that point of view, only areas below
the XENON– and above the WMAP exclusion lines are allowed. As can be seen in figure 7.3,
these two experiments already forbid dark matter masses in the range from about 10 GeV
to 500 GeV for a large class of models with universal coupling to the Standard Model. So if
we assume one of these models and a WIMP mass within that interval, we need to include
additional mechanisms that change the relic density estimate and allow for smaller couplings.
As a short example this could be achieved if dark matter may annihilate into further invisible
relativistic particles that do not interact with the Standard Model sector. This could bring the
relic abundance down to the neccessary value even for small couplings but could neither be
probed at the ILC nor at XENON.
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Figure 7.3: Combined 90 % exclusion limits on the spin independent dark matter proton cross section
from ILC, WMAP and XENON. For a subset of models we compare universal or Yukawa–like scenarios.
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Figure 7.4: Combined 90 % exclusion limits on the spin independent dark matter proton cross section
from ILC, WMAP and XENON. For the FV Vector model, we compare the case with coupling to all
Standard Model fermions to a scenario with lepton–only interactions.
Taking the ILC into account, figure 7.3 shows the model–dependent behaviour of the ex-
cluded cross section for different dark matter masses. Most of the models we analysed have a
relatively flat mass dependence with somewhat different behaviours on the high mass threshold.
The exclusion limits for the ILC are of the order of the XENON bounds near the threshold of
Mχ = 10 GeV and improve them for smaller masses. For larger masses, the ILC cannot com-
pete with the strong limits from direct detection. A slightly different shape can be seen for
models with dimensionful coupling constants gχ, which receive an additional 1/M2χ depend-
ence in the direct detection cross section (see appendix B.3). This leads to weaker limits in the
small mass region which become stronger for larger masses. However, the general exclusion
strength is still too weak to improve the direct detection limits for large masses in all cases.
Finally, for models with vector dark matter we have seen that the ILC cross section includes
a unique 1/M4χ prefactor. This leads to a better exclusion for the direct detection cross section
for smaller masses even if the coupling constant has dimension of mass. However, we argued
before that these models have to be taken with caution because of their divergent behaviour
in the production cross section for small WIMP masses.
The FV Vector model can be used to compare with previous collider studies, since this par-
ticular model has also been analysed for LEP [34], Tevatron [20] and the LHC [35]. Direct com-
parison shows that the expected ILC exclusion bounds can improve the current collider limits
on σ0 by up to three orders of magnitude.
If we go from a universal scenario to one including Yukawa–like couplings, ILC results get
significantly weakened by about two orders of magnitude. Since the electron mass is smaller
than quark masses, pair production at an electron–positron collider is less likely than elastic
scattering with hadronic objects at direct detection experiments. Hence, this leads to a reduced
exclusion power. On the other hand, the relic density limits become weaker which leads to a
larger allowed dark matter mass range for most models. This effect is largest as soon as anni-
hilation into top–quarks, which have the strongest coupling in this scenario, is kinematically
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Figure 7.5: Combined 90 % exclusion limits on the dark matter proton cross section from ILC, WMAP
and XENON. We compare spin–dependent and spin–independent limits for different FV models.
allowed (see discussion in chapter 4).
We show results for the spin–dependent interaction in figure 7.5, which is only given by the
FV Axialvector model. There were no official exclusion limits for spin–dependent interactions
given by the XENON100 experiment when this thesis was completed (October 2012). Hence we
only use the result of its predecessor XENON10, with the remark that the results will probably
be improved in the phase 2 results by up to three orders of magnitude. However, it still can be
expected that the ILC will give the leading exclusion bounds on the proton cross section over
the whole accessible dark matter mass range up to 500 GeV.
Finally In figures 7.4 and 7.6, we compare results for tree level quark scattering to limits
for loop induced scattering to leptons only. The XENON–results are not only weakened by
the correction factor in (7.27) but also the ILC limits get a strong enhancement by multiple
orders of magnitude. This is due to the much smaller direct detection cross section caused
by the loop factor and the appearance of α2em/81pi2. Models with fermion mediators get an
even stronger enhancement, caused by the fact that the 1/MΩ terms in the operator are scalar–
like whereas the 1/M2Ω terms show a vector–like structure. Tree–level interactions can occur
through a scalar quark current (7.20) inside the nucleon, but loop induced scattering needs a
vector current to allow for photon–interaction. From that it follows that only the sub-leading
term in the effective operator induces loop interactions, leading to an additional 1/M2Ω sup-
pression of the scattering cross section. In that case, the actual value of the mediator mass
MΩ is needed in order to know the exact additional suppression going from the tree level to
the loop interaction. This can be seen by the significantly different exclusion lines for Low or
high suppression scales in the SF models, defined in table 3.2. For other models with only
two–loop or no interaction at all, the ILC will always give the strongest exclusion limits, since
direct detection is not sensitive as soon as the expected interaction rate is negligibly small.
In general we can conclude that for most dark matter models the ILC is expected to give
the strongest accessible exclusion limits for cold dark matter lighter than 10 GeV. For larger
masses, direct detection still prevails, unless quark coupling is forbidden or coherence is lost
due to spin–dependent interactions. In those cases, the ILC will give the strongest bounds on
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Figure 7.6: Combined 90 % exclusion limits on the spin independent dark matter proton cross section
from ILC, WMAP and XENON. For the SF Scalar model, we compare the case with coupling to all Stand-
ard Model fermions to a scenario with lepton–only interactions for different masses of the mediator.
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the dark matter proton cross section over the whole accessible mass range.
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Chapter 8
Conclusions
In this thesis we have looked at a complete list of models with one dark matter particle of spe-
cific spin that couples via different interaction mechanisms by one heavy mediator to a pair of
standard model fermions. We discussed how in general the operators can be derived by us-
ing a well–defined renormalisable fundamental theory and formally integrating out the heavy
particle from the path integral. This gave us a list of models which could easily be analysed
in various experimental scenarios, since they only consisted of a simple new 4–particle–vertex
with a new coupling parameter Geff and the WIMP mass Mχ.
We started by constraining these models to give the right relic density for dark matter,
measured by the WMAP experiment, according to standard big bang cosmology. By allowing
further unknown contributions to Ω0DM, this analysis gave a minimum value on the effective
coupling strength Geff. In general the bound is stronger the heavier the dark matter particle
is assumed to be. Models show different behaviour as soon as the mass Mχ passes thresholds
to allow for annihilation into heavy quarks or leptons. For the exclusion limits for heavy dark
matter it is important to which Standard Model fermions the dark matter is allowed to couple
in general, and in particular if different particles couple with the same strength or propor-
tionally to their respective mass. Different assumptions and parameter values can change the
exclusion limits by multiple orders of magnitude.
As a next step, we analysed the pair creation of WIMPs at the International Linear Collider
with an additional hard photon in the final state by using polarised incoming leptons. We
numerically discussed the impact of beam, detector and background effects. It could be shown
that under the assumption that no signal event is measured, signal cross sections down to
around 0.3 fb can be excluded to 90 % confidence level for a large WIMP mass range. Different
models generally show a similar behaviour with exclusion limits not differing by more than a
factor of 2. However, peculiar divergent behaviour for small WIMP masses could be shown for
models including vector dark matter, showing that these models cannot be simply analysed in
an effective theory without enhancing the underlying fundamental model to a spontaneously
broken gauge symmetry. This has not been seen in previous studies, since effective vector
dark matter has only been analysed with respect to astrophysical interpretations, where these
divergences do not occur.
Regarding the experimental requirements of the collider, we could show that using the po-
larisation of the incoming particles may enhance the signal to background ratio. This is done
by filtering chiral Standard Model neutrino events from the background, which at the same
time introduces a large systematic error due to fluctuations in the experimental polarisation
value. We showed that as soon as enough data is taken to make the statistical uncertainty
small, systematics may nullify any gain of significance for larger polarisations if the error
∆P/P is too large. Considering a potentially larger positron polarisation should therefore
be strongly linked to the discussion of a smaller experimental uncertainty on that value. A
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doubled center of mass energy always leads to a better exclusion potential by not only enlar-
ging the accessible dark matter mass range from about 240 GeV to 490 GeV but also by redu-
cing the dominant Bhabha–background and therefore leading to a better signal to background
ratio.
Finally we translated our derived WMAP and ILC bounds on Geff into limits on elastic dark
matter proton scattering at zero momentum transfer σ0P with the intention of comparing them
to results by the XENON collaboration. This shows that the International Linear Collider may
give the strongest bounds for dark matter masses below 5 GeV, also compared to previous col-
lider studies at LEP, Tevatron and the LHC, and of competitive order to XENON in the range up
to 10 GeV. It is not able to compete with direct detection experiments for larger masses, as long
as the direct WIMP proton interaction is not forbidden by any additional mechanism. If one
forbids the interaction of dark matter with quarks, WIMPS can only scatter with nucleons by
photon coupling to a virtual lepton loop. In that case, the translated ILC bounds get strongly
enhanced due to additional loop suppression factors, such that it will improve the direct de-
tection limits. This is also the case for interactions that couple spin–dependently, since in that
case interaction does not take place coherently with all protons and neutrons in the nucleus.
All in all it could be shown that the International Linear Collider may contribute important
information to the dark matter puzzle by giving the strongest exclusion statements for WIMPs
in the low–GeV mass region, or even beyond for scenarios in which direct detection is not
sensitive.
Outlook
In this thesis, we formulated fundamental theories and translated them into effective models
in order to reduce the number of free parameters. It would be interesting to know in general
how low the mediator mass can go such that the effective approach still gives accurate results
compared to using the full fundamental theory. In particular it may be asked how differences
for low mass mediators manifest themselves in the different exclusion limits we derived. This
has been partially done in a LEP analysis in [34] but only on the collider level with a small
subset of models.
In addition it is yet unclear how the peculiar divergent ILC results for vector dark matter
may change if one assumes a fully unitary theory. The current results show that these models
receive the strongest exclusion limits for production processes, but it is unclear whether this
statement survives as soon as the Mχ → 0 divergence is regularised.
For this thesis we only looked at the exclusion potential of the ILC. This naturally raises
the question how sensitive the collider would be to discover a potential dark matter candidate
and how precise mass and coupling strength of the WIMP could be measured. This question
has been partially analysed for a more simplified interaction in [28, 29, 68–70]. The authors
quote that unpolarised WIMP pair production cross section down to 25 fb could be discovered
with 5σ sensitivity, assuming a total integrated luminosity of 500 fb−1 and a center of mass
energy of
√
s = 500 GeV. Signal cross sections above that value could be measured with an
accuracy of 2 − 5 fb. WIMP masses of the order 100 GeV can be measured with a resolution
of 0.5 − 3%. Smaller masses in the few–GeV range have been analysed in the related context
of light neutralinos in Supersymmetry [93], from which one can expect resolutions of around
2 GeV. We assume that the accuracy will be of the same order for out set of dark matter models.
As it has been discussed, analyses of monophoton events do generally suffer from the un-
68
known shape of Bhabha–background. Compared to the neutrino background this is particu-
larly bad since the Bhabha contribution cannot be reduced by means of beam polarisation. If
one knew the detailed spectrum after consideration of all detector effects, one would be able to
promote the ILC exclusion statements into a shape dependent analysis with a much stronger
exclusion power. Regarding the expected discovery sensitivity of the ILC, one could even use
signal data to not only find but also distinguish between different effective models. This could
be done by looking at the different threshold behaviour for large photon energies as well as
the signal’s response on changing the incoming lepton polarisation. However, this is not pos-
sible without knowing the shape of the dominant background sources. It remains uncertain
whether this can be estimated accurately without having a physically built detector at hand to
compare the simulation with.
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Appendix A
Definitions and Parameters
A.1 General Conventions
We follow the conventions in [67]. Throughout this thesis we use natural units with ~ = c =
kB = 1. The metric tensor is defined as gµν = diag(1,−1,−1,−1). Fourier transformations and
delta-distributions are defined as follows:
f(x) =
∫
d4k
(2pi)4
f˜(k)e−ik·x, (A.1)
f˜(k) =
∫
d4x f(x)eik·x, (A.2)∫
d4x eik·x = (2pi)4δ4(k), (A.3)∫
d4x δ4(x) = 1. (A.4)
A.2 Dirac–Algebra and Spinor–Identities
We now want to give a short list of definitions and properties that are needed for various
calculations within this thesis. The standard basis for the Pauli matrices reads as follows:
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
. (A.5)
We combine them to the four vectors σµ ≡ (1, σi), σ¯µ ≡ (1,−σi). The following identities then
hold:
σµ + σ¯µ = 2δµ01, (A.6)
σµ − σ¯µ = 2δµi σi, (A.7)
σiσj = δij1 + iijkσk, (A.8)
tr(σi) = 0, (A.9)
tr(σiσj) = 2δij . (A.10)
We use the chiral representation for the Dirac matrixes γµ
γµ =
(
0 σµ
σ¯µ 0
)
, γ5 =
(−1 0
0 1
)
(A.11)
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and define /a ≡ aµγµ as well as σµν ≡ i/2(γµγν − γνγµ). They fulfil the following relations:
γµγν + γνγµ = 2gµν , (A.12)
γµγνγρ = gµνγρ + gνργµ − gµργν − iµνρσγσγ5. (A.13)
Any general spinor ψ(x) that solves the Dirac equation (i/∂ − m)ψ(x) = 0 can be written
as a linear combination of positive and negative frequency solutions us and vs that fulfil
(/p − m)us(p) = (/p + m)vs(p) = 0. In this representation, they can be formulated in terms
of normalised two–component spinors ξs as follows:
us(p) =
(√
p · σ ξs√
p · σ¯ ξs
)
, vs(p) =
( √
p · σ ξs
−√p · σ¯ ξs
)
. (A.14)
Moreover we define u¯ ≡ u†γ0. We can evaluate the spin indices in ξs and us(p) with the
following relations:
ξ†sξs
′
= δss
′
, (A.15)∑
s,s′
∣∣∣ξ†sG(1, γµ, γ5, γµγ5,Σµν)ξs′∣∣∣2 = tr(GG∗) (A.16)
∑
s
us(p)u¯s(p) = /p+m, (A.17)∑
s
vs(p)v¯s(p) = /p−m. (A.18)
Products of general spinor bilinears can be rewritten by using Fierz’ transformations [94]. The
most important identities we need are
ψ¯χχ¯ψ = −1
4
[
ψ¯ψχ¯χ+ ψ¯γ5ψχ¯γ5χ+ ψ¯γµψχ¯γµχ− ψ¯γµγ5ψχ¯γµγ5χ
+
1
2
ψ¯σµνψχ¯σµνχ
]
, (A.19)
ψ¯γ5χχ¯γ5ψ = −1
4
[
ψ¯ψχ¯χ+ ψ¯γ5ψχ¯γ5χ− ψ¯γµψχ¯γµχ+ ψ¯γµγ5ψχ¯γµγ5χ
+
1
2
ψ¯σµνψχ¯σµνχ
]
, (A.20)
ψ¯γµχχ¯γµψ = −
[
ψ¯ψχ¯χ− ψ¯γ5ψχ¯γ5χ− 1
2
ψ¯γµψχ¯γµχ− 1
2
ψ¯γµγ5ψχ¯γµγ
5χ
]
, (A.21)
ψ¯γµγ5χχ¯γµγ
5ψ = −
[
−ψ¯ψχ¯χ+ ψ¯γ5ψχ¯γ5χ− 1
2
ψ¯γµψχ¯γµχ− 1
2
ψ¯γµγ5ψχ¯γµγ
5χ
]
. (A.22)
We define real spinors through the general Majorana condition ψ = Cψ¯T with the charge
conjugation matrix C which fulfils the following identities [95]:
C† = C−1, (A.23)
CT = −C, (A.24)
CΓTi C
−1 = ηiΓi, (A.25)
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A.2 Dirac–Algebra and Spinor–Identities
us(p) = C(v¯s(p))T , (A.26)
vs(p) = C(u¯s(p))T , (A.27)
C(/p−m)−1C−1 = (−/p−m)−1. (A.28)
There is no summation over i in (A.25) and ηi is defined as
ηi =
{
1 for Γi = 1, γ5 or γµγ5
−1 for Γi = γµ or σµν (A.29)
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A.3 Physical Constants
General Constants
fine structure constant α(0) 137.036
α(1TeV) 125.229 [96]
reduced Planck’s constant ~ 6.582× 10−22 MeV s
speed of light in vacuum c 2.998× 108 m s−1
Boltzmann konstant kB 8.617× 10−5 eV K−1
Particle Masses
proton mass mP 938.3 GeV
electron mass me 511.0 keV
muon mass mµ 105.7 MeV
tau mass mτ 1.8 GeV
up quark mass mu 2.3 MeV
down quark mass md 4.8 MeV
strange quark mass ms 95 MeV
charm quark mass mc 1.3 GeV
bottom quark mass mb 4.2 GeV
top quark mass mt 173.5 GeV
W± boson mass mW 80.4 GeV
Z0 boson mass mZ 91.2 GeV
Nuclear Form Factors
scalar contribution (u–quarks) fpu 0.020 }
[90]scalar contribution (d–quarks) fpd 0.026
scalar contribution (s–quarks) fps 0.118
spin contribution (u–quarks) ∆pu −0.427 }
[91]spin contribution (d–quarks) ∆pd 0.842
spin contribution (s–quarks) ∆ps −0.085
Astrophysical Constants
gravitational constant GN 6.674× 10−11 m3 kg−1 s−1
Planck mass mPl 1.221× 1019 GeV
Hubble constant H0 71.0 km s−1
little h h 0.710
critical density ρc 5.312× 1011 GeV cm−1
baryonic matter density ΩB 0.05
dark matter density ΩDM 0.22
dark energy density ΩΛ 0.73
Table A.1: List of all numerical values for the various physical parameters that are used throughout this
thesis. If not mentioned otherwise, they are taken from [5]. Since we only give qualitative results, we do
not perform a thorough error analysis, which is why we do not show the corresponding experimental
uncertainties.
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Appendix B
Dark Matter Interaction Cross Sections
B.1 Annihilation
We give the leading expansion terms in the thermally averaged annihilation cross section times
velocity 〈σv〉 = a+bv2, which we need for the relic density analysis in chapter 4. We abbreviate
λ ≡ mf/Mχ ≤ 1, with mf denoting the mass of the final state fermion which, due to kinematic
reasons, cannot be larger than the WIMP mass.
aSS =
√
1− λ2 (g2a − g2s (λ2 − 1))
4piM4Ω
(B.1)
bSS =
(
g2s
(−5λ4 + 7λ2 − 2)+ g2a (3λ2 − 2))
32pi
√
1− λ2M4Ω
(B.2)
aSF =
(
1− λ2)3/2
M2Ω
√
1− λ2
[
−λMχ
(
g4s − g4a
)
2piMΩ
+
λ2M2χ
(
g2s + g
2
a
)2
4piM2Ω
+
(
g2s − g2a
)2
4pi
]
(B.3)
bSF =
(
5λ4 − 7λ2 + 2)
M2Ω
[
λMχ
(
g4s − g4a
)
16piMΩ
−
(
5λ4 − 7λ2 + 2) (g2s − g2a)2
32pi
]
+
√
1− λ2M2χ
(
15λ4
(
g2s + g
2
a
)2
+ 4
(
1− λ2) (g4s + 6g2sg2a + g4a))
96piM4Ω
(B.4)
aSFr =
(
1− λ2)3/2
M2Ω
[
−2λMχ
(
g4s − g4a
)
piMΩ
+
λ2M2χ
(
g2s + g
2
a
)2
piM2Ω
+
(
g2s − g2a
)2
pi
]
(B.5)
bSFr =
(
5λ4 − 7λ2 + 2)
M2Ω
[(
λMχ
(
g4s − g4a
)
4pi
√
1− λ2MΩ
− λ
2M2χ
(
g2s + g
2
a
)2
8pi
√
1− λ2M2Ω
−
(
g2s − g2a
)2
8pi
√
1− λ2
)]
(B.6)
aSV = 0 (B.7)
bSV v =
√
1− λ2M2χv2
(
4
(
g2l + g
2
r
)− λ2 (g2l − 6glgr + g2r))
48piM4Ω
(B.8)
aFS =
g2a
√
1− λ2M2χ
(
g2a − g2s
(
λ2 − 1))
2piM4Ω
(B.9)
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bFS =
M2χ
(
2g4s
(
λ2 − 1)2 + g2sg2a (−3λ4 + λ2 + 2)+ g4aλ2)
16pi
√
1− λ2M4Ω
(B.10)
aFV =
√
1− λ2M2χ
(
4λ2g2l g
2
r +
(
g2l + g
2
r
)
(gl + gr)
2
)
8piM4Ω
(B.11)
bFV =
M2χ
192pi
√
1− λ2M4Ω
[
2λ4
(
g4l − 6g3l gr + 32g2l g2r − 6glg3r + g4r
)
− λ2 (g4l − 30g3l gr + 50g2l g2r − 30glg3r + g4r)+ 2 (g2l + g2r) (g2l − 6glgr + g2r) ] (B.12)
aFV r =
λ2
√
1− λ2M2χ(gl − gr)4
8piM4Ω
(B.13)
bFV r =
M2χ(gl − gr)2
((
19λ4 − 32λ2 + 16) (g2l + g2r ) + 6λ2 (8− 9λ2) glgr)
192pi
√
1− λ2M4Ω
(B.14)
aFtS =
√
1− λ2M2χ
(
g2s(λ− 1)− g2a(λ+ 1)
)2
8piM4Ω
(B.15)
bFtS =
M2χ
192pi
√
1− λ2M4Ω
(
2g2sg
2
a
(−13λ4 + 11λ2 + 2)+
g4s(λ− 1)2(λ(17λ+ 16) + 2) + g4a(λ+ 1)2(λ(17λ− 16) + 2)
)
(B.16)
aFtSr =
√
1− λ2M2χ
(
g2a(λ− 1)− g2s(λ+ 1)
)2
8piM4Ω
(B.17)
bFtSr =
M2χ
192pi
√
1− λ2M4Ω
(
− 2g2sg2a
(
λ4 + 13λ2 − 14)+
g4s(λ+ 1)
2(λ(29λ− 40) + 14) + g4a(λ− 1)2(λ(29λ+ 40) + 14)
)
(B.18)
aFtV =
√
1− λ2M2χ
(
g4l + 2λg
3
l gr + 2
(
λ2 + 2
)
g2l g
2
r + 2λglg
3
r + g
4
r
)
8piM4Ω
(B.19)
bFtV =
M2χ
192pi
√
1− λ2M4Ω
( (
2λ4 − λ2 + 2) (g4l + g4r ) + 6λ (3λ2 − 2) (g3l gr + g3rgl)+
6
(
9λ4 − 10λ2 + 4) g2l g2r) (B.20)
aFtV r =
√
1− λ2 (λMχ (g2l + g2r)− 4glMχgr)2
8piM4Ω
(B.21)
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bFtV r =
M2χ
192pi
√
1− λ2M4Ω
( (
19λ4 − 32λ2 + 16) (g4l + g4r )+
24λ
(
2− 3λ2) (g3l gr + glg3r ) + 6 (25λ4 − 32λ2 + 16) g2l g2r) (B.22)
aV S =
√
1− λ2 (g2a − g2s (λ2 − 1))
12piM4Ω
(B.23)
bV S =
(
g2s
(−7λ4 + 5λ2 + 2)+ g2a (λ2 + 2))
288pi
√
1− λ2M4Ω
(B.24)
aV F =
(
1− λ2)3/2
M2Ω
[
λglMχgr
(
g2l + g
2
r
)
12piMΩ
+
5g2l g
2
r
36pi
+
M2χ
(
8
(
g4l + g
4
r
)
+ λ2
(
g4l + 18g
2
l g
2
r + g
4
r
))
144piM2Ω
]
(B.25)
bV F = −
λ
(
19λ4 − 41λ2 + 22) glMχgr (g2l + g2r)
288pi
√
1− λ2M3Ω
+
√
1− λ2 (25λ2 + 6) g2l g2r
288piM2Ω
+
√
1− λ2M2χ
(−144λ2 (g4l + g4r)+ 248 (g4l + g4r)+ λ4 (31g4l + 270g2l g2r + 31g4r))
3456piM4Ω
(B.26)
aV Fr =
(
1− λ2)3/2
M2Ω
[
λglMχgr
(
g2l + g
2
r
)
9piMΩ
+
g2l g
2
r
3pi
−
M2χ
(
λ2
(
g4l − 14g2l g2r + g4r
)− 8 (g4l + g4r))
36piM2Ω
]
(B.27)
bV Fr = −
λ
(
λ4 + λ2 − 2) glMχgr (g2l + g2r)
72pi
√
1− λ2M3Ω
+
√
1− λ2 (7λ2 + 2) g2l g2r
72piM2Ω√
1− λ2M2χ
((−23λ4 + 66λ2 + 32) (g4l + g4r ) + 6λ2 (27λ2 − 2) g2l g2r)
864piM4Ω
(B.28)
aV V = 0 (B.29)
bV V =
√
1− λ2M2χ
(
4
(
g2s + g
2
a
)− λ2 (g2s − 6gsga + g2a))
16piM4Ω
(B.30)
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B.2 Radiative Pair Production
General results for the differential photon cross section in the proccess e+e− → χχγ we need
in chapters 5 and 6 are given in table 5.1. We list all the additional terms here, which appear
in the analytic cross section formulae but not in the Weizsäcker–Williams solution:
ASF =
(1− Vxθ)
4M2Ω
sˆ
1− x
[
(gs + ga)
4CR + (gs − ga)4CL
]
(B.31)
ASFr =
α
8pi
sˆ
M2Ω
x
1− x
[
(gs + ga)
4CR + (gs − ga)4CL
]
(B.32)
AFtS =
(1− Vxθ)
4
[
CS(sˆ− 4M2χ) +
1
1− xCS(2M
2
χ + sˆ)
]
(B.33)
AVF = 20G
2
lrCS(1− Vxθ)
x
1− x(sˆ
2 + 4M2χsˆ− 8M4χ) +
(g4LCL + g
4
RCR)
M2Ω
[
− 1
32
x4 sin2(2θ)
(x− 1)2((x− 1)2 + 1) sˆ(3sˆ
2 + 26M2χsˆ− 32M4χ)
+ 6
x
((x− 1)2 + 1) sˆ(sˆ
2 + 7M2χsˆ− 24M4χ)
− 1
4
(1− Vxθ)(21sˆ3 + 282M2χsˆ2 − 1144M4χsˆ+ 160M6χ)
+
3
2
(1− Vxθ)
(1− x) sˆ(sˆ
2 − 28M2χsˆ+ 16M4χ)
+
1
4
(1− Vxθ)
(1− x)2 sˆ(7sˆ
2 − 126M2χsˆ+ 32M4χ)
+
(1− Vxθ)
(1− x)3 sˆ(sˆ
2 + 2M2χsˆ+ 6M
4
χ)
]
(B.34)
AVFr =
(g4LCL + g
4
RCR)
M2Ω
[
− 1
32
x4 sin2(2θ)
(x− 1)2((x− 1)2 + 1) sˆ(sˆ
2 + 32M2χsˆ− 24M4χ)
+ 2
x
((x− 1)2 + 1) sˆ(sˆ
2 + 12M2χsˆ+ 56M
4
χ)
− 1
4
(1− Vxθ)(7sˆ3 + 144M2χsˆ2 − 168M4χsˆ+ 1280M6χ)
+
1
2
(1− Vxθ)
(1− x) sˆ(sˆ
2 − 48M2χsˆ+ 56M4χ)
+
1
4
(1− Vxθ)
(1− x)2 sˆ(9sˆ
2 − 272M2χsˆ+ 104M4χ)
+2
(1− Vxθ)
(1− x)3 sˆ(sˆ
2 + 2M2χsˆ+ 6M
4
χ)
]
(B.35)
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B.3 Elastic Scattering
We give the elastic proton scattering cross section we use in the direct detection analysis in
chapter 7 for all benchmark models defined in table 3.2. We use the common abbreviations
µ ≡ MPMχ
MP +Mχ
, (B.36)
FP ≡
∑
q=u,d,s
MP
mq
Gqefff
P
q +
2
27
∑
q=c,b,t
MP
mq
Gqeff
1− ∑
q=u,d,s
fpq
 , (B.37)
BP ≡ 2Gueff +Gdeff, (B.38)
B˜p ≡ BpMχ + 2Gueffmu +Gdeffmd, (B.39)
DP ≡
∑
q
Gqeff∆
p
q . (B.40)
The cross sections can then be given as follows:
σSS Scalar =
µ2
4piM2χ
F 2P (B.41)
σSS Pseudosc. = 0 (B.42)
σSF Scalar/Pseudosc. =
µ2
4pi
(
±FP + B˜P
MΩ
)2
(B.43)
σSV Vector =
µ2
pi
B2P (B.44)
σSV Axialv. = 0 (B.45)
σSV Chiral =
µ2
4pi
B2P (B.46)
σFS Scalar =
µ2
pi
F 2P (B.47)
σFS Pseudosc. = 0 (B.48)
σFV Vector =
µ2
pi
B2P (B.49)
σFV Axialv. =
3µ2
pi
D2P (B.50)
σFV Chiral =
µ2
16pi
B2P (B.51)
σFtS Scalar =
µ2
16pi
(FP +BP )
2 (B.52)
σFtS Pseudosc. =
µ2
16pi
(FP −BP )2 (B.53)
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σFtV Vector =
µ2
pi
(
FP − 1
2
BP
)2
(B.54)
σFtV Axialv. =
µ2
pi
(
FP +
1
2
BP
)2
(B.55)
σFtV Chiral =
µ2
16pi
B2P (B.56)
σVS Scalar =
µ2
4piM2χ
F 2P (B.57)
σVS Pseudosc.. = 0 (B.58)
σVF Vector/Axialv. =
µ2
4pi
(FP ∓ B˜P
MΩ
)2 (B.59)
σVV Vector =
µ2
pi
B2P (B.60)
σVV Axialv. = 0 (B.61)
σVV Chiral =
µ2
4pi
B2P (B.62)
Real Fields In case of real fields, the matrix element receives an additional contribution with
the now undistinguishable χ and χ† fields interchanged. As explained in section 3.3, this will
double any scalar FP and axial–vector DP contribution, whereas vector–like BP terms vanish.
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Full List of Combined Exclusion Plots
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Figure C.1: Combined 90 % exclusion limits on the spin independent dark matter proton cross section
from ILC, WMAP and XENON for some scalar dark matter models with s–channel scalar or vector
coupling to all Standard Model fermions.
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Figure C.2: Combined 90 % exclusion limits on the spin independent dark matter proton cross section
from ILC, WMAP and XENON for some scalar dark matter models with t–channel fermion coupling to
all Standard Model fermions.
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Figure C.3: Combined 90 % exclusion limits on the spin independent dark matter proton cross section
from ILC, WMAP and XENON for some fermion dark matter models with s–channel scalar or vector
coupling to all Standard Model fermions.
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Figure C.4: Combined 90 % exclusion limits on the spin independent dark matter proton cross section
from ILC, WMAP and XENON for some fermion dark matter models with t–channel scalar coupling to
all Standard Model fermions.
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Figure C.5: Combined 90 % exclusion limits on the spin independent dark matter proton cross section
from ILC, WMAP and XENON for some fermion dark matter models with t–channel vector coupling
to all Standard Model fermions.
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Figure C.6: Combined 90 % exclusion limits on the spin independent dark matter proton cross section
from ILC, WMAP and XENON for some fermion dark matter models with t–channel vector coupling
to all Standard Model fermions.
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Figure C.7: Combined 90 % exclusion limits on the spin independent dark matter proton cross section
from ILC, WMAP and XENON for some vector dark matter models with s–channel scalar or vector
coupling to all Standard Model fermions.
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Figure C.8: Combined 90 % exclusion limits on the spin independent dark matter proton cross section
from ILC, WMAP and XENON for some vector dark matter models with t–channel fermion coupling
to all Standard Model fermions.
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Figure C.9: Combined 90 % exclusion limits on the spin independent dark matter proton cross section
from ILC, WMAP and XENON for some scalar darkmattermodels with t–channel fermion or s–channel
vector coupling to leptons only.
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Figure C.10: Combined 90 % exclusion limits on the spin independent dark matter proton cross sec-
tion from ILC, WMAP and XENON for some vector dark matter models with t–channel fermion or
s–channel vector coupling to leptons only.
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Figure C.11: Combined 90 % exclusion limits on the spin independent dark matter proton cross section
from ILC, WMAP and XENON for some fermion dark matter models with s–channel vector coupling
to leptons only.
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Figure C.12: Combined 90 % exclusion limits on the spin independent dark matter proton cross section
from ILC, WMAP and XENON for some fermion dark matter models with t–channel scalar coupling to
leptons only.
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Figure C.13: Combined 90 % exclusion limits on the spin independent dark matter proton cross section
from ILC, WMAP and XENON for some fermion dark matter models with t–channel vector coupling
to leptons only.
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Figure C.14: Combined 90 % exclusion limits on the spin dependent dark matter proton cross section
from ILC, WMAP and XENON for some scalar dark matter models with s–channel vector coupling to
all Standard Model fermions.
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